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AN APPROXIMATE SOLUTION OF THE EQUATIONS OF MOTION
FOR ARBITRARY ROTATING SPACECRAFT*

By Peter R. Kurzhals
Langley Research Center

SUMMARY

The assumption of small changes in the inertia parameters has been used to derive
approximate rotational equations of motion for arbitrary spinning spacecraft in the small
angle and rate regime. Complex representations are introduced to define the rate and
attitude errors produced by applied disturbances, and analytic solutions are obtained for
the steady spinning mode and for the spin-up and despin mode.

Solutions for the steady spinning mode consider both the uncontrolled and the con-
trolled spacecraft motion for characteristic disturbances. These disturbances include
initial errors, externally applied torques, and instantaneous and periodic mass motions
within the spacecraft. The errors induced by the disturbances are described by the
error component time histories and by vector traces of the complex error representa-
tions. Upper bounds of the errors are developed for the uncontrolled motion, and the
required control techniques and control systems are examined for the controlled motion.

Solutions for the spin-up and despin mode consider extensible spacecraft modules
connected by struts or cables. Fuel consumption relations are derived for several
extension techniques, and optimization of the extension techniques is shown to yield
appreciable fuel savings.

Comparisons of the analytical solutions and exact solutions obtained by numerical
integration of the complete equations of motion are found to yield excellent agreement,
and the applications of the approximate solution are illustrated for a manned orbital
research laboratory and a large spinning space station.

*The information presented herein was submitted as a thesis in partial fulfillment
of the requirements for the degree of Doctor of Philosophy in Aerospace Engineering,
Virginia Polytechnic Institute, Blacksburg, Virginia, May 1966.



INTRODUCTION

Proposed spacecraft, such as the manned orbital laboratory (ref. 1) and manned
interplanetary vehicles (ref. 2), may use rotation about a maximum axis of inertia to

provide spin stabilization and to produce artificial gravity for the crew. These space-
craft will be subjected to variable torques arising from both internal and external

sources (ref. 3) and will undergo wobbling motions as a result of these torques. Since
the wobbling motions (ref. 4) produce attitude errors (which may affect the spacecraft's
power system and experiments) and oscillatory rates (which may lead to discomfort and
nausea of the crew), an analysis is required to determine the magnitude of any such atti-
tude errors and body rates for the spacecraft under consideration.

In order to carry out this analysis, the spacecraft's equations of motion with
varying inertias and torques must be integrated to define the spacecraft response for the
anticipated applied disturbances. In the past, such a solution has required high-speed
computing equipment for the numerical integration of the equations of motion and has
consumed a large amount of computer time to assess the effects of a range of disturb-
ances for a particular vehicle configuration.

Because of the rather limited application of these results, an approximate analytical
solution of the spacecraft's equations of motion would be of considerable value. The
closed-form solution could be used to determine attitude errors and body rates intro-
duced by '"'worst case' type of disturbances and would define instability trends that might
result from applied torques. In addition, such a solution would allow a direct evaluation
of the effects of changes in both the spacecraft's configuration and the disturbances on the
spacecraft's motion.

Approximate analytical solutions of the equations of motion for an arbitrary rotating
spacecraft may be obtained for linearized governing equations and Euler angle transfor-
mations. Several such solutions have been obtained for the simplified equations of motion
corresponding to symmetric or near-symmetric spacecraft, Leon (ref. 5) and Thomson
(ref. 6) have developed attitude and rate relations for spinning near-symmetric bodies by
considering a vectorial representation of the total errors. Thomson and Fung (ref. 7)
have also investigated the stability of near-symmetric spinning space stations and have
defined regions of instability for an example vehicle. In addition, Poli (ref. 8), Buglia
and associates (ref. 9), and Loebel (ref. 10) have derived expressions for the attitude and
rate histories of symmetric spacecraft by linearizing the equations of motion.

Several analytical solutions for a nonsymmetric spinning body with constant iner-
tias have also been obtained. Exact solutions for a torque-free body were developed by
Routh (ref. 11) and MacMillan (ref. 12) in terms of Poinsot's construction and elliptic
functions and by Whitbeck (ref. 13) in terms of a phase plane approach. An approximate



method which shows good agreement between the nonlinear and linearized results for a
vehicle under applied torques was presented by Suddath (ref. 14).

Various other analytical approximations are discussed in the literature (refs. 15
to 20). Existing solutions, however, have considered either very special cases of non-
symmetric spacecraft or have been restricted to particular symmetric or near-
symmetric spacecraft with specified disturbances. Such results cannot be applied to the
general case of a nonsymmetric spacecraft with varying products of inertia and applied
torques and offer little information on the properties of the motion of such spacecraft.
Furthermore, the form of these solutions has made the determination of upper limits for
the total attitude and rate errors difficult since the amount of computational time required
to define the error boundaries is, in general, prohibitive.

The present analysis develops a solution technique for arbitrary rotating spacecraft
with variable disturbance functions. The complete equations of motion for nonsymmetric
vehicles are linearized and solved with time-varying forcing functions and products of
inertia. General and particular solution functions are determined and are used to gen-
erate rate and attitude expressions corresponding to the variable forcing functions. A
complex vector representation is introduced to define both error time histories in com-
ponent form and the total angular and rate errors.

A number of disturbances are considered for both nonsymmetric and symmetric
spacecraft, and the corresponding solutions are examined for the uncontrolled and con-
trolled cases. Upper bounds of the total errors are defined and body-fixed and inertial
traces of the total errors are analyzed. A method of selecting control commands is also

presented.

SYMBOLS
Aj complex coefficients of forcing function (see eqs. (B1) and (30))
a power conversion factor (eq. (254))

a,b,c,d,e characteristic coordinates for error traces

Bj complex coefficients of total rate error relation (eq. (43))
Cj complex coefficients of total angular error relation (eq. (44))
D4,D5,D3,Dy,D5 spin-up parameters (see eqgs. (295) and (297))



Eg,E{,EqEg,Ey forcing function coefficients for variable inertia products (see

E5,E6,E7

)

1]

fx,ty

table IV and eq. (112))

solution function coefficients for variable inertia products (see eqs. (113)
and (115))

complex forcing function (eq. (30))

complex solution function for body rate errors

complex solution function for Euler angle errors

forcing functions for the controlled spacecraft (see eqs. (213) and (214))
complex actuator torque

actuator stall torque

complex control torque (eq. (209))

rigid-body angular momentum

moment or product of inertia

spacecraft moment of inertia without moving particles

radial inertia product, Iy, +ily,

specific impulse

total impulse (eq. (284))

control gain for X- and Y-axis, respectively (eq. (209))

nondimensional control gain for X- and Y-axis, respectively (eqs. (210))
nondimensional external moment (see eqs. (A30))

distance between mass centers of manned and counterweight modules



effective spin-up moment arm (see eqs. (294))
external moment, My + iMy

spin-up moment

mass of moving particle

mass of spacecraft and moving particles

order of [Aj

external force or thrust

frequency for moving particle

constant defining center-of-mass change (eq. (A25))

position vector of moving particle measured with respect to origin of fixed
coordinate system

position vector of origin of spacecraft coordinate system measured relative
to origin of fixed coordinate system

damping ratio

position vector of moving particle measured with respect to spacecraft
coordinate system

position vector of composite mass center measured with respect to space-
craft coordinate system

Laplace transform variable
signum function, denoting sign of characteristic coordinate or variable
constant step or impulsive torque, Ty + iTy

cross coupling torque applied to spacecraft by control system



X,Y,Z

X,Y?Z

G,qo’d/

A, Ak

time

time constant

unit step function (eqs. (B4))

effective forcing function

weight

reference axes

scalar component of T along X-, Y-, and Z-axis, respectively

nondimensional scalar component of ¥ along X-, Y-, and Z-axis,
respectively (see eqs. (A30))

complex angular position error, ¢ +i6 (see fig. 4)
limiting gyro gimbal angle (eq. (272))

complex inertial position error (eq. (14))

argument of Bj

argument of Cj

impulse function (eqs. (B5))

quantity denoting magnitude order of wy, cbp, o, 92, Lp, pp, and non-
dimensional inertia terms for moving particles

nondimensional moment or product of inertia (see eqs. (A29))
modified Euler angles (fig. 2)

precession rate parameters, positive when I, is maximum inertia and
negative when I, is minimum inertia (eqs. (24))



tel}

2y, 2

Quy
“N

“s

wx,wy,wz

Subscripts:

a,b,c,d

CM
CR

CT

nondimensional mass (see eqs. (A29))

nondimensional force (see egs. (A30))

constant positive spin rate (eq. (20))

nondimensional time (see eqs. (A29))

angular coordinate used in total error traces

total angular rate vector of spacecraft axis system

scalar component of Q along X-, Y-, and Z-axis, respectively
complex rate error, Qy +iQy (fig. 3)

damped natural frequency

synchronous wheel speed

nondimensional scalar component of 9} along X-, Y-, and Z-axis,
respectively

value for corresponding characteristic coordinate
counterweight module

extension at constant momentum

extension with constant spin rate

extension with continuous thrust

disturbance

value after extension

fixed coordinates



Kk,l

lim

Pq

final value after spin-up

control moment gyro

gyro gimbal

intermediate coordinates

intermediate value before extension

value for jth term or mass where j=1,2,3, ...

component for X- or Y-axis with k #1
upper bound

momentum

manned module

maximum value

summed value for moving particles
value referred to origin of spacecraft body axes
initial value

power

component for X-, Y-, or Z-axis
component for XY-, XZ-, or YZ-plane
reaction control

residual value



SU spin-up fuel

S value for spacecraft mass center
T total
X,¥,2 component for X-, Y-, and Z-axis, respectively

Xy, Xz, yz component for XY-, XZ-, and YZ-plane, respectively
w reaction wheel
Mathematical notation:

over a symbol denotes derivative with respect to time
- over a symbol denotes a vector

~ over a symbol denotes general solution function corresponding to initial
rate and attitude errors

T with a symbol denotes particular elements of a vector component along
spacecraft axis

| | absolute value

The quadrant for the angles corresponding to the inverse trigonometric functions
tan_lf j is determined by the sign of the numerator and denominator of the term within
the brackets. When both numerator and denominator are positive, the angle is in the
first quadrant; when the numerator is positive and the denominator is negative, the angle
falls in the second quadrant; when both numerator and denominator are negative, the
angle is in the third quadrant; and when the numerator is negative and the denominator is
positive, the angle falls in the fourth quadrant.

All square root terms in this analysis are principal, positive values. These values
may be positive real or positive imaginary numbers.



The use of logarithmic figures in this report makes the incorporation of both U.S.
Customary Units and the International System of Units (SI) impractical. U.S. Customary

Units are accordingly used in the report text, figures, and tables. Conversion factors to

SI Units are as follows:

Quantity U.S. Customary Unit SI Unit
5 ft-1bf-sec 1.356 N-m-sec
W o e e e e e e e e e e e e e e e e e e e e e lbm 0.454 kg
R slug-ft2 1.356 kg-m2
T T I 1bf-sec 4.45 N-sec
1 ft-Ibf 1.356 N-m
Q v v e e e e e e e e e e e e e e e e e e e slug 14.59 kg
0 0 slug 14.59 kg
L e e e e e e e e e e e e e e e e e e e e e ft 0.3048 m
b 2/ ft 0.3048 m
B et e e e e e e e e e e e e e e e e e e lbm/watt 0.454 kg/watt
Ki « oo e e e e e e ft-1bf-sec/rad 1.356 N-m-sec/rad
Ko,Kg. . v v v it o e e ft-1bf/rad 1.356 N-m/rad
15 1bf 445N
D3 . . i e e e e e ft 0.3048 m
L e e e e e e e e e e e e e ft/sec 0.3048 m/sec

PROBLEM FORMULATION

Spacecraft Motion

The rotating spacecraft will be related to the reference system shown in figure 1.
A set of X,Y,Z axes fixed to the spacecraft is used to describe the rotational motion

of the spacecraft with respect to a set of intermediate X;,Yy,Z; axes.

The intermediate

axes translate without rotation in inertial space but always remain parallel to a set of

XpYg 2y axes fixed in inertial space.

The inertial attitude of the spacecraft may be defined by means of three modified
Euler angles which determine the relative motion between the X,Y,Z and X,Yy,Z;
axis systems. These modified Euler angles, as illustrated in figure 2, result from three
consecutive rotations. The first rotation, about the Zj-axis, carries the Xj- and Yj-axes

through an angle Y measured in a horizontal plane.

The second rotation, about the

new Yp-axis, then takes the X;- and Zi-axes through an angle 6 measured in a vertical
plane. Finally, the third rotation, about the new X;-axis, carries the Yy- and Zi-axes

10



\ Spacecraft

Figure 1.- Reference system for rotating spacecraft.

Figure 2.- Vector transformation between spacecraft axes
and intermediate reference system.

through the angle ¢ measured in an
inclined plane to give the X-, Y-, and Z-axes.

The modified Euler angles can be
determined by expressing the rotations IP
6, and ¢ in terms of the angular rates Qx,
%y, and Q7 about the vehicle axes. The
vehicle angular rates then can be found from
a solution of the vehicle moment and force

~equa.tions. The resultant expressions for

Qx, 8y, and Qz are substituted into the
Euler angle transformations, which now
reduce to differential equations in y, 4,
¢, and t. The solutions of these equations
give the attitude of the spacecraft relative
to the intermediate axes and thus determine
the angular motion of the spacecraft.

Assumptions

To make the general nonlinear equa-
tions of motion amenable to analytical treat-
ment, the assumptions

Q,x<<QZ
<<
o Sfy z _ (1)
sin f=tan =0 cos B =1
sing =tan ¢ = @ cos ¢ =1

were introduced in the moment, force, and
Euler angle relations developed in appen-
dix A, The further assumption that the non-
dimensional inertia terms associated with
any mass particles moving with respect to
the spacecraft were small was also made to
linearize the equations. The resultant
method of reduction to linear form and the
range and validity of these assumptions are
discussed in appendix A,

11



Governing Equations

With the assumptions of the preceding section, the equations of motion reduce to

n
» IZ - I}z 1 . . . . .
§ + l:( Ix )QZ} Qy = -I; My + QZ(Ixz - Iyzﬂz) + Z mj(zjx]- - ijj) - ms(zsxs - sts) Qy
=4
n
- Z mj(z;§; - Vi) - ms(zeVs - Vsbs) @
j=1
I I n
> zZ = 1 s . . . .
Q’y - K Iy >sz,9x = f}; My + Qz(lyz + Ixzﬂz> + Z m]<z]y] = ijj> - ms(zsys - yszs) Q,
j=1
n
+ Z mj(xj'ij - zjxj> - ms(xs'z's ~ Zs*s) (3)
i=1
i n
: Z 1 . " . .
Qg + fz- QZ = E MZ + Z m](y] Xj - X]y]) - ms<ysxs - XSYS> (4)
j=1
The inertia terms are
n ~N
2 2 2
Iy=1o+ z mJ<on + Zj > ms<ySo + Zggo >
i=1

n
I, =L,0+ Z mj<xj2 + y]-2> - ms<xsz + ysz) (5)
=1

12



and, consistent with the assumptions, the moments of inertia are taken to be constant in
equations (2) and (3) but are allowed to vary in equation (4). The associated inertia

derivatives then become
~

;=2 mj(xjicj + i) - ms(xsks + ysjrs>

aSgl

Cade

n
Iy, = z mj(xj}'zj + zjicj> - ms<xs'zs + zsits> > (6)
j=1
n
iyz = Z mj(yjfzj + zjirj) - ms(ys‘zS + zs'ys)
=1 )

where X§,Yj»2j denote the position coordinates of the mass mj moving with respect to
the spacecraft, and

.
2
\

vo= Z;lsy]— ™
n
)

Z.
mg )
-~

denote the position coordinates of the composite mass center for the spacecraft and the
moving masses,

The spin rate €, is obtained by integrating equation (4) as follows:

n
Q, = L I,0%%0 + X M, dt +§ Z mj(y]-x]- - xjyj> - ms(sts - xsys) at (8)
i=1
where the first term in the braces represents the system's initial angular momentum and

the remaining terms account for changes in the spin rate due to the applied torque My
and to the accelerations of the moving masses.

Solutions to the spacecraft equations of motion may be obtained by first deter-
mining €y from equation (8) and then integrating equations (2) and (3) simultaneously
tofind Q% and Qy.

13



These solutions can be substituted into the linearized Euler angle transformations

@ =Qx + Q0 (9)
é= er - Q0 (10)
1.?/: Qg (11)

so that

s

Y= S‘ -I-; Izoﬂzo + ‘y M, dt + § ' m](ij] - x]-y]-) - mS(YSXS - XsYs) dthdt (12)
J

The solution of equations (2), (3), (9), and (10) then defines the motion of the spacecraft
in terms of the time histories of the body rates and Euler angles.

Total Errors

The body rates $x and Qy are the undesired rate components produced by the
applied disturbances and are referred to as the rate error components. Similarly, the
Euler angles ¢ and ¢ describe the unwanted attitude deviations that result from the
application of the disturbances and are referred to as the attitude error components.
The solutions for both rate and attitude error components follow directly from the pre-
ceding section and are found as time dependent components along the body and inertial
axes,

In practice, the total errors are of primary concern. For example, the time vari-
ation and maximum value of the total angular velocity error in body-fixed coordinates
must be known to assess possible crew discomfort due to wobbling motions. The time
variation and maximum value of the total angular position error with respect to inertial
space is needed to determine possible effects on the spacecraft experiments and power
system. The effects of removal of a disturbance on the residual spacecraft motion are
also of interest.

Both the total angular position and the total body rate errors may be developed by
using a complex vector representation (ref, 5). The total angular rate error Qxy can
be obtained by vector addition of the body rates $x and &y, as shown in figure 3.
Mathematically, Qxy may be written as

Q
3
gy = O + 19y = Vﬂxz + Qyzel s (13)

Similarly, the total attitude error o in body-fixed coordinates can be considered to be
the vector sum of the small Euler angles @ and 6, as illustrated in figure 4. To

14
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Figure 3.- Vectorial representation of total angular rate error. Figure 4.- Pseudovectorial representation of total attitude
error.

transform this pseudovector to the intermediate coordinate system, the body coordinate
system must be rotated through the angle 3i». The total inertial error o is then

2]

Physically, oy represents the trace of the Z-axis projected on the XjYj-plane and
Qxy represents the trace of the total rate error vector in the body-fixed XY-plane.

o = aelV = (¢ + ie)ei‘l’ =\o? + 62e

Since differentiation of equation (14) yields
d[ = (& + il,z/a)eiw (15)
and noting that
G +1iQz0 = Qgy (16)

from equations (9) and (10), equation (11) may be used to develop the relation

. . iQ,t iQ,t
o = (a + ina)e 2" = Qxye z (17
The magnitude of the rate of change of the inertial attitude error is thus equal to the
magnitude of the rate error for the small angle regime.
Integration of equation (17) results in
iQ, t
aI=aO+S‘QXye 274t (18)
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as the solution for the inertial attitude error vector. The attitude error in body coor-

dinates becomes

Lot i s .
it _ e iQ,t te IQZtS‘QXYGIQtht (19)

o= ope
and both the attitude errors o and « can be directly developed from the rate error
expression.

If only total error vectors are desired, the time solution of the equations of motion
for Qxy may be followed by application of equations (18) and (19) to yield o and a.
If the rate and Euler angle components are of interest, the direct solution of the linear
differential equations (2), (3), (9), and (10) is preferable.

In the present analysis, solutions were first developed in the form of time histories
for the error components. The transition to the total error form was then made by sub-
stitution of the vector expression for the resultant rate error in equations (18) and (19).

Solution Approach

The solutions of the equations of motion for arbitrary rotating spacecraft can, in
general, be divided into two types: namely, those associated with the spin-up and despin
modes and those associated with the steady spinning mode.

The spin-up and despin modes may involve the extension and retraction of cable-
connected counterweight modules and thus could produce major and rapid changes in the
moments of inertia for the spacecraft. During these modes other disturbances, such as
crew motions and applied torques, will necessarily be restricted and only the solution for
the spin rate and angle, as given by equations (8) and (12), need be considered. The effi-
ciency of various spin-up and despin methods using constant spin rate, constant cable ten-
sion, or similar schemes can be readily evaluated from these equations.

For the steady spinning mode, the variations of all total moments of inertia due to
the moving masses associated with a particular crew motion are small in comparison
with the constant spacecraft inertias IXO’ IyO: and I,5. The assumption that the total
moments of inertia Iy, Iy, and I, retain their initial values throughout the crew
motion (see appendix A) is made for this mode.

In addition, disturbance moments due to crew motions and applied torques now act
primarily about the spacecraft X- and Y-axes. Any torques about the spacecraft Z-axis

can be neglected during a particular disturbance since the resultant change (refs. 8, 14,
and 19) in the spin rate will be small in comparison with the initial spin rate.

In accordance with these assumptions, the spin rate may be approximated by its
constant value at the initiation of a particular disturbance

16
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Q, = z(;Z 20 _ 4 (20)

for the evaluation of the effects of that disturbance on the spacecraft motion in the steady

spinning mode. The value o can be taken to be positive without loss of generality.

Since the spinning mode occurs for the major portion of the spacecraft lifetime,
this mode is first analyzed in detail and several spin-up and despin techniques are then
considered.

ANALYSIS OF SPINNING MODE

For the spinning mode, the moments of inertia take on their initial values imme-
diately after initiation of the disturbance and remain constant for the duration of the dis-
turbance. The inertias may thus be computed from equations (5) as

\

n
2 2
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and the governing equations may now be developed directly from equations (2) and (3).

Equations of Motion

The equations of motion reduce to

I=

£ {(IZI—YIX)(LZTI")#J@X == (fy - {—Eﬂmy [—l” yz0+Ixz‘72:l [xza’ Iyzozj + [i m, (o - xjy) - mg(zgkg - xszs)}

+ mj(zj Yj+ 25 - yiEg - ir]-'z'j) - ms(zs'ir's + Bglg - YgZg - S's'is)

[( >]K§ ey - i) - mofead - YS'ZS)}“; mixyy - 2i%y) - ms (st - zs‘f(s)J (22)

=1

IR

-
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and

n

x>%ﬁxz° - Iyzaﬂ + [I'yza+ ixzoﬂ“' {z mj(zjyj - y]-'z'j) - ms(zs'{ys - ys‘z's)},

{(I Iy)('zTI:/,Az_l 6y = Ly + KIZI;I")%MX{(I”‘;I &

n
+ z m](xj'z"]- + X2 - 2yKj - 'zji'cj) - ms(xs'é's + Rgig - 25K g - zsxs)
Iz - 1X N .
Z sz] - x4 z ms z X5 = XgZg Z ]y] - sz] ( &Ys - yszs) (23)
=1

For simplicity of notation, introduce the precession rate parameters

Ag = (IZ; IX><3

X

Ay = (——XIZ ! )0 (24)

so that equations (22) and (23) become
QX + A QX == Mx - AyMy + "[xz - Iy (0+ Ay) - IXZOA] Z [0+ Ay>( j' i~ x]z]>
i=
- oxy(zjjzj - yj'zj> ( iVt 2 y - ¥izj- Viz ]] ms[:(0+ AYX sXg - xszs>

- oxy(zsjrs - ys'zs) + (zs'ir's + 25V - Vs Eg - jrs'z's)]}

and

n

s'iy + )\zgy = flg&y + My + GEYZ + ixz(o + AX) - IyzoA%\ + Z m; [(o + )\x)(zj'fzj - Yj'z'j)
j=1

+ O'AX(ZjSCj - X].Z]> + (xj”z'j + S{Ji] - Z].'f(.j - .Z]).(]ﬁ - ms[(o + Ax)<zs'}.rs - YS.Z.S)

+ oxx(zsxs - sts> + (XS Zg+XgZg - ZgXg - sts>:|}
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or

Oy + kzﬂx = Fx (25)
and

&y + 220y = Fy (26)
where

Fy = i{/{ - My + U[xz - Iyz(0+ Ay) - IxzoA] z m; [:o+ xy( %5 - X425 ) - O‘Ky( i - yjizj)
+ (Zj.i’.j + 55 - vy’ - y]z])jl - ms[(c + Ay)(zs;‘s - xsig - cky(zsjrs - ys'zs) + (Zs'i"s + oY - Vs B - S'fs.is)]}
l o

IX{VIX AYMY'*Z [ {y]+ 20+Ay) - 0(0+ 2>.y 027( } +z§'3+20x] ozy}-z]§/]+7\yx}
- -'z-jyﬂ - mSE&s{'i"s + (20 + Ay)is - o(o+ ny)&s - ozhyxs} + .'zs{i}s + 20%g - orzys} - 'z's{jrs + )‘yxs} _ -'Z-SYS]} (27)

and

n
Fy = %—{IIY + 2xMy + U[ifyz i (o + Ax) - Iyzox};+ Zl mj[(o + Ax)(zj§j - yj'z'j> + cxx(z]'kj - xj'Zj)
j=

+ (Xj"z'j + Scj'ij - 2% - Zji'(j)] - ms[(o + Axxzs;’s - ysis>+ crhx(zs)'{s - xs'zs) + (xs"z's +Xg2g - Zg X g - .Zs;‘sj}

I{VIY’”‘M - z [ { 20+7\x)y]—c(o+2hx) +02xxy]}+z{x —Zoy] czx}—z]{ _)‘XY}' Z]X;]
+ ms[zs{ 20+ )\x - 0’(0+ th)xs + 0 )\xy}+ zsé(s - 20yg - ozxs} -z { - )‘xys} - zsx:]} (28)

Adding equations (25) and (26) in quadrature and referring to equation (13) yields

with

F = Fy +iFy (30)
The solution of equation (29) is

Oy = Q);yo sin At + Qxyo cos At + F (31)

where ¥ is obtained by replacing functions of t in F by the corresponding particular

solution functions given in appendix B.
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The initial conditions at t =0 are

$%yo0 = S0 + if2yo

A (32)

. Ayl
- |y X X
ﬂxyo = (———IX )Qyo + 1(——Iy )S)XO
The particular contributions of an applied disturbance to the initial errors are included

in the Laplace formulation of the solution terms.

Substitution of equations (32) into equation (31) then results in expressions for the

total error Qxy and its components §x and $y. The spin rate Q3 is found from

- 10920

Q
Z I

=0

and all body rates have thus been defined.

The Euler angle differential equations can be written as

q'b+02(p=§zx+09y

. . (33)
i+ 020 = Oy - 00y
and after adding in quadrature
& + ol = Qxy -10Qxy (34)
Substitution for the rate error in equation (34) yields
& + o2a= |2 —i—cgzmsinkt+ Q - io cos)\t+i7‘._-icf (35)
= [Mkyo X XyO SQxyo
which has the solution
_Go . 1 ionXﬂ . Ao
a——a—smot+aocosot+o—2—_—>:2- E‘QXYO' X s1n>\t—-6s1nct
+ E'nyo - icﬂny [cos At - cos oﬂ + F - ioF (36)

where F and F are obtained by replacing functions of t in F by the corresponding

particular solution functions of appendix B.
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Initial conditions at t =0 are
Qo = @, + 16
A (37)
O = Sxyo - 100
and the Euler angle Yy can be determined from the relation
w = ()'t (38)

This relation completes the development of the Euler angles.

Since the terms involving the initial errors have the same form for all disturbances,

introduce M
Qxy Q,x + 1Qy = sin At + Qxyo cos At
2 .- : .
~ o~ e 1) A Qxyo - 10Q%yo|\ . Qxyo - 108xy0
a= @ +i0 = (0o, - sinot+{ag - cos ot (39)
7\% 2 _ 22 02 - 22
ioQ .
+ oz—lxz- E\QXYO - ;yﬂsin At + @xyo - 1082y cos )\t]

or in component form

~ vl
g = Qxg cOS At - (M y)szyo sin At

(40)
Qy 2y cos At + < Iy)on sin At
and
~ Iy&yo Ix$%0 xS0
@ = |0y - oy cos ot + [:90 + o, sin ot + cos At + T, sin At
41

~ I I
6= [90 + szojcos ot - Eoo - y?yo}sm ot- [:x ]cos At + liy Y y] sin At
z v

All coefficients in these equations may be evaluated from the initial conditions Qxo,

Qo 9 @o 6o and the initial moments of inertia.
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The terms involving the applied disturbances can be similarly put into component

form, so that the body rates and Euler angles can be found by equating real and imaginary

parts in
Qxy=ﬂx+iS}y=S~2xy+F

a=g0+it9=&+§-io§

(42)

where F, F, and F are taken from appendix B.

Total Errors

The total rate and attitude errors may be put into a somewhat simpler form by

expressing all trigonometric terms occurring in these errors in exponential form. Thus,

f g _
Oy = Z Z Bjthelﬁjt (43)
i=1 1=0

where j and h vary over a finite range of integers. The complex constants Bj and

the real constants g; must be evaluated for a particular disturbance.

The total angular error in inertial space, as defined by equation (14), can be sim-

ilarly expressed as
. LS v 1’)’t
op= (¢ + ig)el¥ = z Z Cjthe ) (44)
j=1 h=0
where j and h again remain finite integers with Cj and Yj determined for a
specified disturbance.
In engineering applications, the maximum magnitudes of these errors are also of

interest. Since the exact solution for the maximum error magnitudes requires an itera-
tive determination of the zeros of the magnitude derivative — and this requires consider-

able computing time — an alternate method of defining upper bounds for the errors is

preferable from the practical standpoint. It is noted from equation (43) that
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and similarly from equation (44) that

Jos| = [

I 11
22 Tge
0T« g«

a
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These upper bounds provide limiting values of the error magnitudes which are adequate
for assessing the effects of particular disturbances. More accurate estimates of the
absolute maximum errors and their directions can be obtained from polar plots of the

complex errors if desired.

Characteristic Disturbances for Nonsymmetric Spacecraft

Most disturbances acting on rotating spacecraft may be approximated by impulsive
torques, step torques, step products of inertia, or variable products of inertia. For
example, docking impacts and attitude control moments can be represented by impulsive
or step torques, whereas crew or cargo motions result in either step or variable products
of inertia. Other externally applied torques (such as the sinusoidal gravity gradient
moments) are dependent on the particular spacecraft and orbital characteristics and can-

not be defined without selecting a specific vehicle and orientation.
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The effects of characteristic disturbing functions on the spacecraft motion are pre-
sented in this section. Time solutions for the Euler angle and body rate errors are
developed from the solution functions of tables I to V for arbitrary constant moments of

inertia, and upper bounds for these variables are given.

Impulsive torques.- Docking impulses caused by resupply and rendezvous vehicles

or micrometeorite hits may result in impulsive torques acting on the spacecraft,
Time histories: The corresponding time-dependent torques can be written as
M = My + iMy = (TX + iTy) 5(t) (47)

and the corresponding forcing function is

1 : i :
For arbitrary initial conditions, the total rate error may be found from equations (27),

(42), and (48) by using the solution functions given in table I. The resulting expression is

~

Ty ; T
- 1 LYY ~J l_[ *x ]
Qxy = Oxy + IX[EI‘X cos At ~~ sin At + iy Ty cos At + ~— sin at (49)

where ?zxy is given by equations (39) and (40).

The attitude error can be similarly determined as

o~ 1 AX . .
a=a+ To EI‘y(cos At - cosot) + TX(T sin At + sin ot)]

A
- i[l‘x(cos At - cos ot) - Ty (_AX sin At + sin ot)] (50)

with & determined from equations (39) and (41).

Total errors: Conversion of the total angular and rate errors to exponential form

leads to the complex vector representation

Oxy = Ox + 10y = Sy + Bgel™ + Bje™IM (51)
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where
?ny - Blent + Bze—ikt (52)

and the complex constants Bj are

N
5] itan~ {iyﬂyo\/_]
IX (0]
Gl e
- ey ) _itan[l__yﬂyo\/gj'
By = %Extfxz'lylkﬁ\/oxg’mw_x) *(IYQYOW) o Bl (53)
53

\ -itan'l[
R R

The angular error ¢ can be developed directly by substitution of equations (52)
and (53) into equation (18). The result is

o = (@ + i6)elt = & + 1[04 + Csei(0+7\)t N Ceei(o-x)ﬂ (54)

where

o = 3eloto ag + iEIl + Czei(m‘?‘)t + C3ei(o‘_)\)ﬂ (55)
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and the constants are

—itan'1<
N IX (o] >\X
o {[ B e i R W™

C6 = 2—011;1 - \/(TX‘I’_@z* (ry ) e

\ J

Initial error contribution: The total errors ?ny and &I which correspond to

the initial conditions $Qxo, Qyo, 0, @g, and o are considered first. A simple geo-
metrical interpretation of these error traces is possible. For ?zxy this interpretation
follows from the trace of the velocity error in the XY body axis plane, as shown in
figure 5. The path described by the tip of the ?zxy vector is an ellipse in the body-

fixed plane.
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The characteristics of this ellipse
are derived from an examination of equa-
tions (52) and (53). The semiaxes a Rate error trace
and b are determined as |

~

o o] + (o]

(57)

2 2
b = g%[‘f;\l<1x9x0ﬁ> + (Iygyo\/;‘;) )

and the angular position of the rate error
gu p ° Figure 5.- Rate error trace for initial conditions.

vector is given by

Lo L, 2y
&, = tan"! LePx tan|at + tan” [ YOVY (58)
Iy\ry IxS2x0VAx

The quadrant for the angles corresponding to the inverse trigonometric functions

tan~ 1{} in equation (58) and in all subsequent equations is determined by the sign of
the numerator and denominator of the term in the braces. When both numerator and
denominator are positive, the angle is in the first quadrant; when the numerator is posi-
tive and the denominator is negative, the angle falls in the second quadrant; when both
numerator and denominator are negative, the angle is in the third quadrant; and when the
numerator is negative and the denominator is positive, the angle falls in the fourth

quadrant.

The position of the major axis of the ellipse is determined by the relative magni-
tudes of Ix, Iy, and Iz. K Iy is a maximum inertia, then the maximum angular rate
will occur about the axis corresponding to the larger of the inertias Ix and Iy;if Ip
is a minimum inertia, then the maximum angular rate will occur about the axis corre-
sponding to the smaller of the inertias Ix and Iy. The period of revolution is %l
and the SNZXy vector rotates in the direction of the precession rate A. When I, isa
maximum inertia, this rotation is in the direction of spin; when I, is a minimum

inertia, the rotation is against the direction of spin.
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The trace of the rate error vector can be directly compared with the results of
‘Poinsot's geometric construction (ref. 12), in which the path of the instantaneous rate
vector on the ellipsoid of inertia is called the polhode. For the present solution the rate
vector is resirained to move in a plane normal to the Z-axis, which is a principal axis
of the inertia ellipsoid. The polhode projection onto this plane has been developed by

Thomson (ref. 6, p. 124) and yields a curve whose shape is defined by the relation

AX(IXQx)z + Ay(IyQy)z = AX(IXQXO)Z + )\y(Iyﬂyo)z (59)

This relation describes an ellipse, with semiaxes given by equations (57). Since the
polhode projection is proportional to the rate vector trace derived in this analysis, the
approximate solution exactly represents the spacecraft rates when the variation in the
spin rate is negligible.

The angular trace with respect to the Xj- and Yj-axes is illustrated in figure 6.
The path described by the tip of the & vector is generated by a point moving on a

displaced ellipse which, in turn, is rotating at the spin rate.

Attitude error trace —

Il tan"< ly QYO) o

Figure 6.~ Attitude error trace for initial conditions.

28



From equations (55) and (56), the center of the moving ellipse is located by the

vector sum of the initial attitude error oy and the initial angular momentum ratio term

i[lxﬂxo + iy Sy

ol

O:l. The radius a shown in figure 6 is thus

as= _\FIXQXO YQY ) (60)

while the semiaxes of the rotating ellipse become

~

e tlnonal) + (ool

o plamors] + (oovoliy)*

and the precession of the attitude error vector within the ellipse is specified by the angle

(61)

\ _1/I ,P\
&, = tan~1 \/K—X tant + tan- Y VYOV (62)
y T x0\Px

When X is rational, the path of the attitude error trace is closed and has a period of

2km, where k 1is the least common denominator of o and A.

The trace of the attitude error vector is in agreement with the general properties
predicted by MacMillan (ref. 12) for the torque-free motion of a rigid body with respect
to a unit reference sphere. This sphere was drawn about the fixed point of the spinning
body as a center, and the motion of the body Z-axis about the fixed-momentum axis was
then described by the trace of the Z-axis on the unit sphere. The vector trace, intro-
duced in the present analysis, can be considered to be the projection of this Z-axis trace

onto a plane perpendicular to the Zj-axis.

It should be apparent that the Zj-axis, which is arbitrarily defined as the fixed
space axis corresponding to the initial position of the Z-axis, does not generally coincide

with the fixed-momentum axis. By assumption, however, the angle between these two

29



axes is small. Hence, the shape of the traces about the fixed-momentum axis should be
approximately retained in the plane normal to the Zj-axis. The fixed-momentum axis
appears as a displaced point on this attitude error plane.

In figure 6, the fixed-momentum axis projects as the center of the rotating ellipse.
The attitude error oscillates between two concentric circles drawn about the ellipse
center, The radii of these circles are given by the minor and major semiaxes of the
ellipse. The similarity of this motion to that depicted in figure 61 of MacMillan's text
is obvious.

Upper bounds of the values for the rate and attitude error magnitudes, as developed

from equations (45) and (46), are

lQXYIIim = ';' \Iilxﬂxor> (Iyﬂyo\/i;f (63)

1 1 l
+
L Iy\y| IX\/E Iy\/_

and

1 1

,allim = ¢02 * 902 \fl on IyQyo) 2012 N_ e

o el

The rate limit (eq. (63)) gives the major semiaxis of the rate error trace and is equal to

the maximum rate error. The attitude limit (eq. (64)) corresponds to the sum of the
center radii and the major semiaxis of the attitude ellipse and is greater than or equal

to the maximum attitude error.

Several interesting trends may be observed from the geometrical development and
the relations for the upper limits of the errors. When the spacecraft inertia Ix (or Iy)
approaches Iy while the second inertia Iy (or Ix) remains different from Iz, then
the rate and attitude ellipses become very elongated. Small rate errors induced about
the second inertia axis by impulsive torques or other disturbances can thus lead to large
total attitude and rate errors. An example is a cylindrical configuration spinning about
an axis normal to the axis of symmetry.
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When the spacecraft inertia Iz (or Iy) is very much larger than Iy, excessive
attitude errors are produced by small body rates and tumbling may occur. This result,
however, is not surprising since the inplane angular momentum is now much larger than
the spin momentum. Examples here are slender cylindrical satellites and missiles

spinning about a minimum axis of inertia,

It may be noted that the smallest errors are produced when both Ix and Iy are

much smaller than I and the spacecraft configuration approaches that of a disk.

The contributions of the errors Qxy and o to the limiting errors IQxyl lim
and la|lim for a given disturbance are omitted in the remainder of the analysis to
avoid undue complications of the limiting error relations. These error terms could,

however, be readily included if this is desirable for a particular disturbance.

Impulsive torque contribution: If the initial error terms are taken to be zero, the
total errors for the impulsive torques are equivalent to those for the initial rate error
terms. The geometrical representation and the maximum error values for the vectors
corresponding to the initial errors thus hold for the impulsive torques if Qo is replaced
by TX/IX, {%yo is replaced by TY/Iy, and ¢, and 6, are taken to be zero in equa-
tions (57) to (64) and in figures 5 and 6.

Step torques.- The spacecraft attitude control system and external sources, such

as gravity gradients, may also exert torques about the body axes.

Time histories: For this example, consideration is given to constant step torques
of the form
M = My +iMy = (Tx +iTy)U(t) (65)

and the associated forcing function

F = il; T 6(t) - )\yTyU(tﬂ + Ii;Erya(t) + AXTXU(tﬂ (66)

The body rate error is found from equations (21), (42), and (66) by substitution of

the solution functions of table I, with the result
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~ TyA ; T '
Qxy = Qxy + 71\- TI}:EI‘X sin At - —%(1 - cos Atﬂ + Il—yEI‘y sin At + —xxk(l - cos xtﬂ (67)

The attitude error o« determined in a like manner is

o~ 1 1(1z 1 1. 1.
a= o+ oz T’{)\y <Iy cos M> 5cos o% + Ty[)\ sin At - 5 sin GE‘
. 1 Iz 1 1 . 1 .
+1 Ty%(—&- - cos M; - 5 cos 0% + TXE: sin At - 5 sin ogl (68)

The initial error contributions ﬁxy and & are defined as before.

Total errors: A transformation of the errors to polar form yields

Qxy = ﬁxy + Bg + B4e1)\t + B5e'i>‘t (69)
with
\
g ~ —; -itan_1 Txxlx
Y ™ Ty \'\, Tyryly
T A
A -itan~l 22X
By = 11, 1 sz +Ty:Z e vy, (70)
2/Ix \x Iy\/h—y_J Ay o Xx
) 5 itan_l Eﬂ
PN S W 1105 S A Ty\Ay
2|15 (x Iy\,X; V Ay o M
- J
and, similarly,
aI = a!I + C5 + C6€1(0+7\)t + C7e1(o-x)t + Cselot (71)
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with

Q-

(72)

The trace of the total rate vector due only to the step torques is shown in figure 7. This

trace is now an offset ellipse which intersects the origin at time zero.

The elements of the rate ellipse can
be determined from equations (69) and (70).

The center of the ellipse is located by the

radius
2 2
T T
a= ;‘ + <>\ }’ > (73)
Ay 2’4 XX
and the angular coordinate
TyAyl
&y =tan 1{ T VY (74)
TxAxIx

Rate error trace

- <

\_’/)X

Figure 7.- Rate error trace for step torques.
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The semiaxes of the ellipse are found from

~
2 2
b= L \Cx + Yy
Ix Vk_zj Ay A
) (15)
co 1 MTXZ . Ty?
A A
Iyl hy - 7x
and the angular location of the rate error vector is
T \A
&, = tan™! %tan At - tan™1 i_x (76)

Ty\ry

The position of the major semiaxis of the ellipse is again dependent on the relative mag-
nitudes of Iy, Iy, and I,. The maximum semiaxis is parallel to the larger (if Iz isa

maximum inertia) or to the smaller (if I; is a minimum inertia) of the inertias Ix and
27
-

Iy. The motion of the Qxy vector is in the direction of )X and has a period of

An extension of Poinsot's development (ref, 12) to the motion of a rigid body under
step torques appears possible. The fixed reference point, with respect to which the
polhode projection is generated, lies along the maximum angular momentum vector pos-
sible for the body. The angular accelerations vanish for steady spin about this axis of
maximum angular momentum. By referring to equations (2) and (3), it can be seen that

the associated coordinates for the fixed point are proportional to

T
y
xo =L
XX (77)
TX
yo = iy

for the constant step torques.

The shape of the polhode projection corresponding to this fixed point is defined by

equation (59). Substitution of equations (77) into equation (59) yields the curve defined by

sz TY2

AX(IXQX)z + xy(Iyszy)z =ty (78)
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An inspection of figure 7 shows that the polhode projection is indeed represented by the
rate vector trace. The fixed point coincides with the center of the trace ellipse and the

equation of the ellipse becomes equation (78).

The inertial attitude error corresponding to the step torques yields the trace shown
in figure 8, This trace results from a point moving along an ellipse, which remains
fixed with respect to the rotating radius of a stationary displaced circle. The motion

begins at the origin at time zero.

(9]

4
/<———Attitude error trace

Figure 8.- Attitude error trace for step torques.

The center of the stationary circle is located by the radial coordinate

a=—1 \,sz + Ty? (79)
O'ZIZ

corresponding to the ratio of the torque to the spin vis viva. The radius of the stationary

[, 2 2
1,0 Tx Ty
b = 6J(Ky1y> * <7txlx> (80)

and the center of the moving ellipse has the angular position

Ty I, T
®p, =0t + tan'1<ﬂ—y—> - tan'1<%> (81)

circle is

TXIX AX X
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The semiaxes of the ellipse are computed from the parameters

~N

= 1 \‘sz + Tyz

C =
olz \/X;V Ay o Xx

, 2 2
d= 1 VTX +Ty

oz x| Y A

and the semiaxis lcl makes the angle

I
_T_ -1( Tylyty
®. = 5 tan TxIxKx> (83)

with the radius b of the stationary circle. The angular coordinate of the tip of the atti-

(82)

tude error vector within the ellipse

A Ty (A
By = tan~1 Jztan At + tan~1 -—-5-7\/——3; (84)
Ax Tx|Ax

completes the development of a point on the error trace curve.

The motion is a closed curve when X and o are both rational. The corre-
sponding period is given by 2kw, where k is the least common denominator of o©
and .

The general properties of the motion can be readily interpreted from figure 8, if it
is recalled that this figure represents the projection of the Z-axis trace onto a plane nor-
mal to the Zj-axis. The fixed space axis corresponding to the axis of maximum angular
momentum projects as the center of the stationary circle. The motion of the body is
bounded by two circles, concentric with the stationary circle and tangent to the moving
ellipse in the figure. The outer circle represents the maximum Z-axis excursion rela-
tive to the fixed momentum vector and can only be approached from the inside. The
inner circle represents the minimum Z-axis excursion and is approached from the out-
side when the ellipse does not contain the fixed momentum reference point. When the
ellipse contains the momentum reference point, then the inner circle is crossed by the
7Z-axis trace and is approached from the inside.

Upper bounds of the error magnitudes are found from equations (45) and (46), with

the result

Q = Tx 2+ Ty 2+l
I Xy'lim 7\ny }\xIx 2
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and

1

1

+
AxIx 201y,

(86)

These upper bounds consist of the sums of the radial vector magnitudes and the semi-
major axis of the error ellipse and are obviously greater than or equal to the maximum
error values.

For cylindrical spacecraft spinning about an axis normal to the cylinder axis, large
rate and attitude errors will be produced by torques applied about the cylinder axis.
Conversely, torques applied about the normal inertia axis in the spin plane will have
little effect on the spacecraft motion.

Near-cylindrical spacecraft spinning about a minimum inertia axis, so that I, is
much less than Iy (or Iy), will now be stable if the applied torques do not approach
the spin vis viva term Izcr2 and if no energy is dissipated.

represented by equivalent masses mj with variable position coordinates xj, ¥js

and zj. The movements of the equivalent masses fall into two categories, namely, non-
periodic motions and periodic motions. The first category includes arbitrary non-
periodic motions along linear paths to some final position. From previous results for
symmetrical spacecraft, it appears that the largest rate and attitude errors for such a
motion are less than or equal to those for instantaneous motion to the final position. The
introduction of step products of inertia corresponding to the final position coordinates of
the moving masses gives a limiting case for this type of motion.

Time histories: The coordinates of the jth mass may thus be written as

%) = Xjo

zj = zjoU(t)

37



and the corresponding forcing function is

F=- i{yzfé(t) + oza(tﬂ + xylxz[é(t) + oZU(tﬂ

+ i;? Ile%(t) + 025(t)] - AXIYZE)(t) + 02U(tﬂ (88)

where the products of inertia now take on the constant values
~N

Iz MiXjoZjo ~ MgXgoZs0

LT

: ? (89)

n
yz = Z m3¥50%jo - MsYsoZso
=1

-/
The solution for the rate error becomes

= 2 1 Ixz o2 lyz .
=QX+02—A> == |cos At - - sin At
oy = Py + I \Rx | P o2 -22)

i EE.( At - o2 > Ixz . At _<I_Y_E_i_l?ﬁ>5t 90

and the attitude relation yields

I
yz cos At + ZZ_ sin At)

emtr((oe JelFe B

. o A Iyz : Iz IYZ iIxz
+1i - sin At - == cos At}| - o || — - (91)
(Ix W Iy \/ )\y> <\’ Ay \Vx > <7\ny AxIx
Total errors: The vectorial representation of the total errors reduces to

Quy = Oxy + By + Bge™t 4 Bge M (92)
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where

—1 e
Ix Iy
1 yziPx
5 5 itan
1 Ixz . <Iyz . Iz Ry F 93)
Ix\/E Iy\hy, Py,
N g -1 Iyz\/K
5 5 -itan |———
02 AZ Ixz + Iyz e Ixz\/)\_y
xx@ e Py ]
o~ (o)t i(o-)t iot
o = 0o + Cye + Cge + Cge (94)
where
~
- 3 > _itan? Ixz ky}
Ca = (o x) 1 1 lyz\" | ﬁ) . Iyz\Ax
va__ IX\/;\; V—_ \/AX
A
- — 5) itan” 1[1"2 y}
cs= ((T2)/ L. L yz) (B, L (95)
2 Iy\y Ix\x Py, VAx
) ) - Ayl
5 5\ -itan 1E£LX]
Iyy Ixz IyzaxIx
Cg =-\0 o1 + e
yly AxIx J
The trace of the rate error vector is illustrated in figure 9. Once more a dis-
placed ellipse is obtained. However, the ellipse now does not intersect the origin
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Rate error trace

Figure 9.- Rate error trace for step inertia products.

The radius to the center of this ellipse is

A i ?
as= (kx1x> +<Ay1y> (96)

and the ellipse characteristics are found from

Y

o= ()] (2

(97
o= 02 - 22 Ixz2+ <£YE>2
Ky J\\Wx/ Wy
~
and
Iyz\/x
dp, = tan-1 f—) tan|at + tan~1 _lz_\/__x (98)

Ixe\y

The major semiaxis of the ellipse is parallel to the larger, for I > Iy, or to the smaller,
for I, < Ik, of the inertias Ix. However, the body axis with the largest rate error
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is determined primarily by the location of the center of the trace ellipse. The period of

27

the counterclockwise motion is again the precession period < |’ and the direction of

motion is in the direction of the precession rate A.

To correlate figure 9 with Poinsot's development, note that the coordinates of the
fixed reference point for the polhode are proportional to

gz,

L=
s-zXO AXIX

Vo czlyz (99)
Qyo - Ayly

from equations (2) and (3). This shift of the reference point from the coordinate origin

to the principal body axis indicates that the maximum possible angular momentum vector
lies along the new extreme inertia axis. Steady spin, for which the polhode reduces to a
point, is thus possible only about the new maximum or minimum principal axis of inertia.

In figure 9, this principal axis passes through the center of the rate ellipse, as specified
by equation (96).

The interpretation of the polhode projection about the fixed reference point becomes
somewhat more difficult. Two terms now contribute to the polhode, namely, the rotation
of the extreme principal axis and the effective acceleration torque produced by introduc-
tion of the step product of inertia. The rotation of the extreme principal axis yields the
initial rates given in equations (99). The step introduction of the product of inertia
yields the additional rate terms

n_ Mylxe
X0 ~ IX
(100)
19 — A'XIyZ
Q’YO - Iy

The polhode projection (eq. (59)) corresponds to the rate vector trace in figure 9, if the
reference body rates Qxo and fyo are given by the sum of equations (99) and (100).

The angular position trace for the step products of inertia is presented in fig-
ure 10. The trace is produced by a point on an ellipse, which remains fixed with respect
to the rotating radius of a stationary circle centered at the origin of the inertial axis
system.
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Figure 10.- Attitude error trace for step inertia products.

The radius of the stationary circle is

Iy 2 L \2
_ Z X7
a=o0 <_7\y1y> + <—7\x1x> (101)

and the ellipse center is defined by the angle

Iz Ayl
d, =0t - tan'1<-1¥;\}’—1¥> (102)
VZAXX

The ellipse semiaxes are found from

N

e =

(103)
2
oA <1yz> . <IX>
s )| W) W/
and the angle between the stationary circle radius a and the ellipse semiaxis Ib!
becomes
) T |
By, = tan~1{ 2T (104)
Iyz"xlx
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The position angle of the attitude error vector tip is now

Tz X
&, = tan"1{< tan |t - tan~1 Leafty

b Iyz\Px

with respect to the ellipse semiaxis |b|.

(105)

The period of the precessional motion is 2ks, with k taken to be the least com-
mon denominator of ¢ and A for rational o and A.

The general properties of motion for the step inertia products are similar to those
for the step torques. However, the fixed space axis corresponding to the maximum
angular momentum vector projects as the origin of the X;Yy-plane, and the direction of
the total angular momentum vector for the spacecraft is not changed in inertial space
during the step crew motion. The spacecraft motion is bounded by two circles, drawn
with center at the origin and tangent to the moving ellipse. The nature of these bounda-
ries has been discussed in the step torque analysis.

Upper bounds of the errors are

|ty 1 = oz\j(i—x)z * Cﬁfy)z 25

1 1
+
s Ty\fy

ERC

+

1 1
Ix\lg IYW

for the rate vector and

Lo\ /L \2
_ yz XZ
|2 1im = © <xy1y> * <7\XIX> "

+

(" é ><IY\I/E ' Ixtfk_x>

| . (B2 ’ (107)
)

¥

As before, cylindrical spacecraft spinning about a normal axis lead to large errors
for small products of inertia in the plane corresponding to the two large inertias. Some

(o; A)(Iytfi}? i Ixtﬁ)

for the attitude error vector.
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differences in the response for the step inertia products and that for step torques can,
however, arise after the removal of the disturbance. For the step torques this removal
can occur when the rate error vector passes through the origin of the body axis system,
so that the only residual error is a constant attitude error corresponding to the attitude
at the time of disturbance removal. This fact may be of use in the design of pure atti-
tude control systems for spacecraft which use constant torque pulses to reorient the

spacecraft.

For step products of inertia, removal of the disturbance could also null the rate
errors if done when the rate error vector passes through its initial position. In practice,
the determination of this position does not appear feasible without very exact values for
the spacecraft and disturbance characteristics. The elimination of the body rate errors
by the timely removal of the product of inertia is a very complex task and, in general,
leads to both residual rate and attitude errors.

Variable products of inertia.- The second category of mass movements within the
spacecraft involves periodic motions, such as mass transfer along a circumferential
path. The uncontrolled motion of the spacecraft is now similar to that of a spring-mass
system with a periodic forcing function. The amplitudes of the rate and attitude errors
are correspondingly multiplied by a magnification factor and resonance may occur for
particular mass transfer rates. The determination of the effects of periodic mass
motions within the spacecraft is thus an essential prerequisite to the analysis and selec-
tion of the spacecraft control system.

There are, unfortunately, an infinite number of possible periodic crew motions.
The best approach to a study of these motions may be the formulation of a general
forcing function, which permits the development of stability criteria and rate and attitude
errors for a number of representative periodic motions. Particular time histories can
then be developed for special cases of the general forcing function.

To arrive at such a general forcing function, assume that the periodic mass motions
involve transfer of a single mass and take place in a spin plane perpendicular to the
Z-axis or along a line parallel to the Z-axis. If a sinusoidal variation is adopted for the
associated mass position coordinates, the complex forcing function takes the form

F = Eq cos pt + E; sin pt + Eg6(t) + E3'6(t) + E4'5(t) (108)

The coefficients Ej are complex constants which must be determined for par-
ticular mass motions, and p 1is the frequency of the motions.

A number of characteristic motions included in equation (108) are listed in table IV
along with the corresponding coefficients Ej. As seen from the table, the forcing fune-
tion equation (108) comprises linear periodic motions parallel to each spacecraft axis
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in the spacecraft reference planes XZ and YZ and circumferential motion in a plane
perpendicular to the spacecraft Z-axis. Other mass motions can be constructed by com-
bining the forcing functions in the table and by adding the forcing function equation (88)
for the static products of inertia with appropriate values of Iy, and Iyz to the results.
Any linear oscillation in a spin plane perpendicular to the Z-axis or along a line parallel
to the Z-axis can be developed by this method.

Only the motions described in table IV are considered as examples for the present
analysis; the results obtained for these motions can be readily applied to more complex
motions obtained by linear combinations of the forcing functions given by the table.

Stability trends: An assessment of the stability trends for the variable products
of inertia can be obtained by examining the forcing function terms in equation (108) and
the solution functions of tables I and III. The uncontrolled spacecraft motion is unstable
when the roots of the governing equations (29) and (34) contain real, positive, nonzero
terms or when the forcing functions produce resonance conditions. From table I, it
is apparent that the solution functions for &(t), 5(t), and %(t) contain only constant
and periodic terms. These terms thus cannot cause divergence of the rate and attitude
errors.

The solution functions for cos pt and sin pt can, however, contain divergent
terms and may lead to continuously increasing errors for special frequencies of the
periodic motions. These special frequencies are |p|=|c| and |p|=|r|.” When
|p| = |o|, the rate errors remain bounded for all finite values of Eg and Ej, but
precession of the spacecraft may result unless

Eg+iE1 =0 (for p=0)

(109)
Eg - iE1 =0 (for p=-0)

Since equations (109) hold for all the values of Eg and Ej in table IV, this precession
does not occur for the examples considered here.

When |p| = |>\|, both the rate and attitude errors tend to diverge for nonzero values
of Eg and Ej. Mass motions with this period thus exhibit definite trends toward
instability and should be avoided.

There is, of course, one other instability that may occur for the present solution.
From the governing equation (29) for the body rates, it can be shown that the rate error
diverges when A2 < 0, sothat Ix >I; >Iy or Iy > 1z > Ix. This condition results when
the Z-axis is an intermediate axis of inertia and agrees with the well-known fact that the
undamped spacecraft spin is stable only if the spin axis is an axis of maximum or mini-
mum inertia. In terms of the moving mass parameters,
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n 7
2
Z mj (onz - Zj02> - ms(Yso2 - Zs0 ) < (IyO - IzO)
=1 i
(110)
& 2__ 2 2_ 2
m; (xjo - Zjo ) - ms(xso - Zgo ) > (IxO - Izo)
=1 i )
or
- - W
2 2 2 2
Z m]-<on - Zjo ) - ms(Yso - Zso ) > (IyO - IzO)
=1
- - (111)
T n ]
2 2
=1 . J

may be taken to be the alternative conditions for instability corresponding to the assump-
tions of this analysis.

The conditions in this section serve to indicate possible instabilities for the
rotating spacecraft. Since the rate and attitude errors for these instabilities rapidly
exceed the small angle and rate assumptions, time histories for these motions are not
discussed. If the unstable motions do occur, exact computer solutions should be used to

assess their effects.

Time histories: From equation (108) and the solution functions of tables I and III,

the rate error becomes

~ E E
Qxy = Oxy + <;—2——_072>cos pt + (ﬁ%sm pt + E46(t) + Eg cos At + Eg sin At (112)

(113)
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and the attitude error is

- PEq - ioE Eq + i0E
a=a+< 1 >< 1 0>cospt-<po—1>sinpt

+ (ﬁ) [(AEG - i0E5>cos At - (AE5 + ioE6) sin le
gé - X

+ En(cos ot - i sin ot)
where

AEg - i0Ej5 pPEq - iO’EO

En =E,4 -
7 4 02 - 32 +(02-pz)(7\2-pz)

Total errors: The vectorial representation of these errors yields

= Oy + By + Bye' Mt 4+ Bee M 4 BgelPt 4 Be7iPt
with
\
By = E,5(t)
By = =(Eg - iE
4 2( 5 - iEq)
1 .
Bg = 3(Bs + 1)
Eg - iE
B < 1(F0 T 1E1
2\ 22 - p?
Eq + iE
2\ 22 - 2
/

and, from equation (18),

- & + 1[:04 . Csei(cm)t s Cq GAlo-Mt C7ei(<7+p)t 4 Caei(o-p)t]

(114)

(115)

(116)

(117)

(118)
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(a) Circumferential mass motion.

|Qxy|

{c) Z-axis mass oscillation in XZ-plane.

Figure 11.- Rate error traces for periodic
inertia products.
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(b) X-axis mass oscillation in XZ-plane.



where

Cy =1iEg4 + oli‘lx + 0B-57\ + G]iep + 0]3;71:

C5="- oB+4x

Cg = - 522 % (119)
Cr=- ol?i-Gp

Cg = - 0B_7p : j

The total error relations given by equations (112) to (119) may now be evaluated for
particular motions by substitution of the corresponding coefficients Eg, Ej, Eg, Eg,
and E4 from table IV. Only the vectorial representations and the upper bounds of the
errors will usually have to be considered in an assessment of the effects of mass motion
on the spacecraft motion.

To determine the vectorial traces, values for Eg, B4, Bjs, Bg, and Bg are
needed. These expressions have been developed and are shown in tables IV and V for
the motions described in table IV. The polar plots of the rate errors now follow directly
from equation (116) and are presented in
figure 11 for a number of typical motions.

Y
Rate error trace
These traces are generated by a A}/

point on an ellipse, whose center moves
along a second ellipse centered at the
origin of the body axis system. Figure 12
shows this development of the rate vector

trace.

|a| and lc| is first determined by the
relation

The direction of the ellipse semiaxes &J

Figure 12.- Rate error trace development for periodic
inertia products.
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(a) Circumferential mass motion. (b) X-axis mass oscillation in XZ-plane.

||

(c) Z-axis mass oscillation in XZ-plane.

Figure 13.- Attitude error traces for periodic inertia
products.
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The position angles for the fixed and moving ellipses then become
&, = tan” 1[;2 tan pa

P = tan"lEg- tan Aﬂ

The fixed ellipse has semiaxes |a| and |b|, and the moving ellipse has semiaxes |c|

and |d|. The constants a, b, c,and d as determined from equations (116) and (117)
are

(121)

a=B6+B7W

b=B6-B7
(122)

C=B4+B5

d =B4 - Bg

J

where the values of the Bj terms are taken from table V.

The direction of motion is determined by the signs of p and 2, and the rate vec-
tor describes a closed curve when p and A are both rational. The period of motion
is 2km, where k is the least common denominator of p and 2.

The rate error trace results
from the oscillation of the mass with !
respect to the geometric body axes
(p-ellipse) added to the precession
of the geometric body axes about the ot
principal body axes (A-ellipse). The i
fixed reference point for the trace ™ &y
falls on the origin of the geometric

lci

body axis system since the space- Tdi lal
craft momentum must be conserved. P

Characteristic traces of the N a
attitude errors for the periodic Attitude error trace !
motions are illustrated in figure 13. I
These traces are produced by two

ellipses which rotate at the spin rate,
as sketched in figure 14.

Figure 14.- Attitude error trace development for periodic
inertia products.
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The center of rotation is defined by the coordinates

By By B6 By

a.=-1E4t+0+7\+0_}t+0+p+0_p (123)
and
~
®, =0 (a2>0, a>0>
&, =1 a2 <0, a>0
a2 ( ) (124)
by =7 (a2>0, a<0)
=37 2
Py = 5 (a <0, a<0))

The direction of the ellipse semiaxes |b| and |d| is determined by the angle ot,

measured from the positive Yj-axis when &, =0 or 7 and measured from the negative

Xr-axis when &, = -721 or %ﬂ The angular coordinates within the ellipses now become

oy, = tan'lg. tan pi]
(125)

Bq = tan‘lEfT tan kt]

and the ellipse semimajor axes |b|, |c|, |d|, and ]e] are derived from

=)
B
( 7 7p> (126)

q
>

=< B5>
o=(t o)

The motion is a closed curve when o, p, and A are all rational. The precession
period is 2kw, where k is the least common denominator of o, p, and A.

The attitude trace for the spacecraft with periodic inertia products exhibits a
change in the direction of the angular momentum vector in inertial space. This rota-
tion of the momentum vector to the center of the p-ellipse results from the initial mass
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acceleration terms, which exert a torque on the spacecraft. The motion, in body coor-
dinates referred to the fixed momentum reference point, can be visualized as the sum of
the mass oscillation with respect to the body axes (p-ellipse) and the precession of the
body axes about the principal axes (r-ellipse). In the intermediate inertial coordinates,
this motion is rotated through the angle ot.

Values for the upper bounds of the rate and attitude errors may be calculated from

|2y|1im = |B4| + |Bs]| + |Be| + |Br] (127)
and
; Bs Bg By By Bj B Br
|%tim = _1E4+0+?\+0-)\+0+p+0_p'+ cax|Tloox|* Gfp tleTp| (128)

by using the coefficient equations for E4 and Bj from tables IV and V.

From an examination of these coefficient equations, it can be seen that the maxi-
mum error relations for small disturbance frequencies p yield the error limit terms
corresponding to the introduction of step products of inertia. Both principal-axis-
rotation and acceleration terms result for the circumferential motions; only principal-
axis-rotation terms appear for the radial and vertical oscillations. A first estimate of
the limiting errors for the periodic inertia products can accordingly be obtained from the
appropriate step inertia product terms, when the disturbance frequency |p| is much
less than the precession frequency |A].

As the disturbance frequency increases, the error limits also increase. As
expected, divergence of the errors is predicted when |p|=|x|. For a further increase
in the disturbance frequencies, the error limits continue to increase.

When the disturbance frequency |p| is much greater than the spin rate o, the
error relations for the periodic inertia products become directly proportional to |p|
Doubling of the disturbance frequency thus doubles the resultant error limits, and large
errors can be introduced by small, rapidly oscillating masses which may occur in
onboard motors, generators, or other equipment.

Several additional trends are indicated by tables IV and V. For circumferential
motion, maximum errors result when the sign of the angular velocity p of the motion
coincides with the sign of the precession rate A. Motion at a negative spin rate
(p = -0) eliminates all except the initial acceleration effects. Motion at a negative or
positive spin rate (p = +0) also nulls the errors caused by vertical mass oscillations,
but does not significantly affect the errors caused by the radial mass oscillations.
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Characteristic Disturbances for Symmetric Spacecraft

A large number of spinning spacecraft will be symmetric about their spin axis, so
that I=Iy =Iy. These spacecraft include rockets and ballistic missiles which are spin
stabilized to maintain their flight-path angle under initial body rates, unmanned satellites
which are spin stabilized to maintain a fixed inertial position for communication and
observation purposes, and large manned space stations which provide an artificial gravity
field for their crew. A reduction of the general solutions developed in a previous section
to the special case of symmetric spacecraft would accordingly have many applications.

Most of the resultant solutions have been previously obtained by various approxi-
mation and numerical integration techniques and are scattered through the literature
(refs. 4 to 20). The results in this section thus make no claim to originality but do
accomplish two important objectives.

The first objective involves the determination of the form of the geometric error
traces and of the maximum error limits for the various disturbances. These important
properties of the motion have been only partially treated in the literature and tend to be
obscured by the component form in which past solutions are primarily expressed. The
simple trace geometry that results from the complex vector representation of the pres-
ent analysis should be of considerable value.

The second objective is the comparison of the approximate solution with applicable
previous results. This comparison points out the principal differences between the pres-
ent and past solutions and summarizes the trends of the motion with variations in the
disturbance and spacecraft characteristics.

The discussions of the polhode projections and of the motion representation by
means of the unit sphere are not repeated here. If desired, these relations can be readily
deduced from the analysis for the nonsymmetric case and the equations that follow.

Impulsive torques.~ For impulsive torque disturbances of the form

M = My + iMy = T6(t) = (Tx + iTy)6(t)

the forcing function (eq. (48)) becomes

F = %[b(t) + 1x5(t)] (129)

The total rate and attitude error equations (49) and (50) yield

Qxy = Sy + %(cos At + i sin At) (130)
and
o=+ Er{; [(sin At - i cos At) + (sin ot + 1 cos otE| (131)
z
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Initial error contributions in equations (130) and (131) are

~

Oxy = Qxyolcos At + i sin At) (132)

and

iSlxy ‘
& = ag(cos ot - isin of) + '1< e O>Ecos ot - i sin 0t) - (cos At +i sin Ati] (133)
Z

from equations (40) and (41).

The total error vectors for the impulsive torques reduce to

Qxy = ﬁxy + (%)ent (134)

QI. aI+1< >[_ 1(o+7\):l (135)

where the initial condition vectors are

and

y = g0l (136)

B - ag + 1<IQ'XYO> (1 _ ei(0+>\)t) (137)

and

The rate vector trace for sym-
metrical spacecraft with initial rate
and attitude errors is shown in
figure 15. The curve traced out by
the ?zxy vector is a circle whose
radius is the magnitude of the initial M
rate error vector Qxyo. The rate tan'l<Q >
vector {ixy rotates with the preces-
sion rate A to generate the error
envelope.

The attitude error trace, shown
in figure 16, is also a circle. The
center of this circle is determined by
I19%yo

0

T and the
Z

the vector 0y + 1
Rate error trace

radius of the circle is the ratio of the

Figure 15.- Rate error trace for initial conditions and
symmetric spacecraft.
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Figure 16.- Attitude error trace for initial conditions
and symmetric spacecraft.

inplane and spin momentum. The period of motion is 02_-3)? and the attitude error vec-
tor moves in the direction of spin.

Maximum error values can be derived from figures 15 and 16. The result is

2 2
|xy|max = {@x0” + Qyo (138)

and

12y\2 12,,\2 I\Ionz + Qo2
,a’max =V\% - + 10 * + ]

oj ol oI,

(139)

From equation (139), it can be seen that the spacecraft inertia ratio I/1; does not

affect the maximum rate error. The inertia ratio does, however, enter into the relation

for the maximum attitude error which decreases with a decrease in the inertia ratio.
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Spacecraft whose inertia ratio approaches that of a flat disk thus yield the minimum
total attitude error for a given set of initial error values.

The error relations developed here have been partially described by Leon (ref. 5)
for a spinning symmetric rocket, and the applicable present results agree with his con-
clusions. His work does not, however, develop the detailed trace representation or the
maximum error relations. Thomson (see p. 201 of ref. 6) includes the trace representa-
tions for the initial errors, but his geometrical interpretation is incorrect. The initial
attitude error o and the initial body rate Q%xyo are not generally orthogonal, as
depicted in Thomson's work.

The error traces and maximum error values for the impulsive torques can be

T
again found by setting I—X = Qxo, I—y = Qyo, and @, = 65 =0 in equations (136)
to (139) and figures 15 and 16.

Step torques.- For constant step torques described by
M = My + iMy = TU(t) = (TX + iTy)U(t)
the forcing function (eq. (66)) yields
F = % 5(t) - iAU(tﬂ (140)
for the symmetrical spacecraft.

From equations (67) and (68), the error time histories are

Qxy = §xy + %[sin At +i(1 - cos Atﬂ (141)
and
a=a+-flz . l(cos At + i sin At) - l(cos ot - i sin ot) (142)
olz|AI A 53

The total error vectors are

xy = Oy + i@f)(l - &) | (143)
and
o = 3 + (5%) |:<Iﬁ>eiort _ %ei(oﬂ)t _ %] (144)
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The rate error trace for step
torques is given in figure 17. This trace
is a displaced circle whose center is

i

located by the vector 3% The radius of

the circle is % and the period of the
27

A
Curves for the attitude error trace

are depicted in figure 18, This trace is

generated by a point on a circle of radius

precessional motion is

2 + T 2
y
—, whose center moves along
O'AIZ
the circumference of a displaced circle

. X sz + Ty2
with radius = .. The center of
ol
this displaced circle is located by the

and the period of motion

X

vector -
O'ZIZ

is 2ky, where k is the least common
denominator of o and X for rational

¢ and X

—

{91

Rate error trace

Figure 17.- Rate error trace for step torques and
symmetric spacecraft.
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Figure 18.- Attitude error trace for step torques and symmetric spacecraft.
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The maximum values of the errors become

_ 2\’Tx2 + Ty 2 (145)

IQxylmax |IZ - Ilo
and

2 2

I +1
IZ—I

Ty +Ty

(146)

Ia'lim = 0212
The error vector relations for the step torques and symmetric spacecraft agree
with Thomson's results (ref. 6, pp. 198 and 207). Maximum attitude error limits for
this disturbance have also been developed by Suddath and include the residual errors
after removal of the disturbance (ref. 14, p. 8). His limits, which are smaller than or
equal to the limits obtainable during the torque application, do not represent the worst

case and are thus somewhat misleading.

Note that the error limits are inversely proportional to the inertia difference
IIz - Il and predict minimum errors for a disklike configuration. When applied to a
sphere the limits predict divergence, confirming the statement that a sphere cannot be
spin stabilized. .

Step products of inertia.- When step products of inertia of the form
n )

Ixg = Z miXjoZjo ~ MgXgoZgo
j=1

(147)
n
Lyz = Z m;¥i0Zjo = MsYso0Zso0
j=1 ?
occur in symmetrical spacecraft,

Ipz = Ixz + ilyy (148)

may be introduced to get the forcing function
F = - 2Z0[6) + o2ug)] - i[6) + o2 149
=- 2 + 0%U(t)| - i|B(t) + o=5(t) (149)

from equation (88).
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The error solutions (egs. (90) and (91)) give

~ 2
Qxy = Qxy + (II'TZ) Kﬁ%) (cos At +1 sin At) - 9}\3 + ié(tﬂ (150)
and
a=0+ 1(%) [0 - (0 - A)(cos At +1 sin At;:l (151)

for the symmetric spacecraft.

In vector form,

Oy = Oy + (IrTz> K%ﬁ)em } gzx‘ + iﬁ(t)] (152)
and
op = & + i(%)&ewt - (o - x)ei(0+>\)t:] (153)

The polar graph of the rate error is illustrated in figure 19. The error trace is a

21
o
YZ  The radius of the circle

displaced circle with center determined by the vector -

2 _ 2
is (0 = A )\fIXZZ + Iyz2 and the precession period of the motion is I%ﬂ

Y
02| 2JrI 2
as Xz _yz
Al

<02->\2> | 24y 2
b = XZ YZ _1|
A tan <—I)Z>

lQ

xyl /

Rate error trace

Figure 19.- Rate error trace for step inertia products and symmetric spacecraft,
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The attitude error for the step product of inertia is sketched in figure 20. The
errar trace now is produced by a point on a rotating circle with radius

( 0>‘—IA> Ixz2 + Iyz2 which moves around the circumference of a circle with center at

the origin and radius ()%)\/Ixzz +Iyz2. The period of motion is 2kr, where k is the

least common denominator of o and A, and the trace curve does not close unless o
and A are rational.

Maximum error values become

(202 - 22| 2 2
|y | masx = }T\/Ixz *lyz (154)
for the rate vector and

20 - X ,f 2

for the attitude vector.

The errors predicted by equations (152) to (155) do not agree with previous results
(refs. 4, 5, and 6) for product of inertia disturbances. This might be expected, however,
since the previous analyses have neglected the energy associated with the introduction of
the product of inertia.

The limiting errors (egs. (154) and (155)) diverge for a spherical configuration.
Attitude error bounds for a long slender cylinder (A — -0) are three times as large as the
attitude error bounds for a flat disk (\ - 0). Rate error bounds for these limiting con-
figurations are, however, equal.

}\>\/I 2 +| 2 K
Xz yz
- X| X‘
(91
M Attitude error trace

Figure 20.- Attitude error trace for step inertia products and symmetric spacecraft.
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Variable products of inertia.- Forcing functions, stability criteria, and solutions

for variable periodic products of inertia and symmetrical spacecraft retain the form of
equations (108) to (119). The symmetric spacecraft does, however, permit a simpler
combination of the inertia products and yields a better understanding of the effects of the
spacecraft parameters on the error traces.

Consider a product of inertia of the form
Ly = Ixz +ilyz = on(xo + iYo) ' (156)

as produced by the motion of a single mass. Circumferential, radial, and vertical oscil-
lations which yield this inertia product can now be examined.

Circumferential mass motion: The circumferential mass motion begins at the
point xg = rg cos pty, yo = rg sin ptg, 2zg and continues at a constant angular rate p
around the perimeter of the spacecraft. The associated position coordinates may be
written as

X =T, COS p(t + toﬂ
y =Tq sin p(t + to)
(157)
z = zU(to)
Iy = \{xoz + Vo2 J
The solution coefficients are taken from table V, with the result
iy
B =¥£Z.R0+ p?- (2- p? +P
477 ( X-p 3
Irzp
Bs=-—31 (158)
B _ Irz(o + D)2
L (RO
B7 =0 ~
d
an c =_pIrz 20 - X A
4 T [02- 22
Cr = . rzl(c+p)? - (2-p2), p ]
5 I (c+x0-p) 2(0 + A) > (159)
Ce = Pl
6= 30 - N1
(0 + p)lpy
©1=Toor J
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The rate and attitude error vector equations (116) and (118) reduce to

Ry = Qxy + Irz[[0+ p)z 7t2 pZ) + %eim - g-e_nt ((c;\_-"% +1i6(t) (160)

and

a - Urefpo- ) [o+p?-(2-02)  p ] s(omt
i Sl S Lo - 22 (c+)(-Dp) 2(0 + )

i(o-M)t _ |0+ p|_i(o+p)t
[l [ sy

The rate vector trace, illustrated in figure 21, is produced by an ellipse, whose
center travels along the circumference of a circle. The radius of this circle is

_ (o + p)z} VIxzz * IYZ2 (162)
A-p 1

and the ellipse center is determined by the angle pt, measured from the axis corre-
sponding to the radial inertia product. The ellipse semiaxis |bl also lies along the
radial inertia product axis, and the precession angle of the rate vector tip within the

ellipse is

&}, = tan” 1(% tan™ 1)\t> (163)

where

5
2 2. 2
_ (o + p) Lz +IYZ

b= ST - AP

(164)
2 2
- (o + p)2 1 \}Exz +Iyy
A-Dp 1

define the ellipse semiaxes. <

The attitude error trace in inertial space, shown in figure 22, is derived by a
rotating ellipse whose center translates along the circumference of a displaced circle.

The center of the displaced circle is located by

2 2
. <p(2cr A))\} xz +lyz (165)
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Figure 21.- Rate error trace for circumferential mass motion and symmetric spacecraft.
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Figure 22.- Attitude error trace for circumferential mass motion and symmetric spacecraft.
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and the circle radius becomes

5 . 2
I +
_[o+p \sz Iyz
b-(x_p> _ (166)

The center of the moving ellipse is specified by the angle (o + p)t and the semiaxis |c|
rotates at the spin rate.

The angle to the attitude vector tip and the semiaxes of the ellipse are found from

&, = tan” 1[% tan AE] (167)
and ~
2 " 2 2
. =[(cwp) _(2-92) o Ve + Ty
A-D o= (0+ NI
(168)
’ 2 2
d= (0 + p)2 - (7\2 - Ap2)+ pU—l Ixz + Iyz
X-p 0—7&] (0+NI
respectively.
Limiting error values can be computed from the upper bound relations
2_(x2 - p2) 2 \/1 2t 1,2
x| (0+p)2-(2-p LR, 2‘+ (0+p)7|\Vlxz * yz (169)
Yim x-p 2|72 A-p I
and
2_(x2 - p? Mz + Ty 2
s = pRo-N| o+ -02-p2) p | | p |, |o+p||xe *lyz" 4
I lim o2 - 22 (oc+ X)X - p) 2(0 + ) |2(0 -2 |x-p| I

These results indicate that the rate and attitude errors for the circumferential motion
are larger than those for the static products of inertia, for which p vanishes. The
limiting errors increase with an increase in p and tend to diverge as p approaches
Ax. For values of p greater than A, the error continues to increase with an increase
in p.

For very small disturbance frequencies (|p| << o), the upper error bounds are

given by
2 2
2 \}I + IY

|Qxy|hmzl x| T
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and

~
~

. X

[z 3
- I + I
20 "f = — (172)

As might be expected, the maximum errors now resemble the error bounds for the
step products of inertia. The resultant bounds are essentially independent of the dis-

turbance frequency.

For very large disturbance frequencies (|p| >> o),

‘/ 2 2
4|P| Ixz +Iyg
o I (173)

IQXYIIim -

2 2
- I + I
p(50 - 3)) V XZ vz (174)

|
02 - 22 | I

so that both error bounds increase linearly with [ p].

and

~

Ia|lim ~

Relations (171) to (174) can be used to determine error limits and their variation
with the disturbance characteristics, when the absolute disturbance frequency is much
less than the absolute precession rate or when the absolute disturbance frequency is
much greater than the spin rate.

Radial mass oscillation: The radial mass motion begins at the point 0,0,z and is
defined by the coordinates

X = X, sin pt
Yy =¥, Sin pt (175)
z = zOU(t)

The solution coefficients, taken from table V, now become

. N\
ipl., |1 ) o2 + 20)\+pé]
I 2 A2 - p2 _I

B4 =
_ iplyy
a1
: 2
_ i(o+ p)Ipy
2(x - p)I

(176)

_ -i(o - p)zlrZ
BT= G+ o )
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and

o, - P20~ VL, A
2T (22
Cr = - Ly, |1 02+20k+p§|
57 "o+ 1|2 2 -p2 |
Co=- o Prz_ > (177)
6= 7300 - NI
o = i(o + p)I,,
L TR i
Ca o i(o - p)Iyy
8”2 + p1 J

Rate and attitude vectors are

~ ipl 2} ; i
Q’Xy=9xy+ pzfz E_2(02+207\+p)j|e1>\t+e17xt

Az_pz

. 2] .
. I})o;_pi)zj] oibPt _ l:;()((’k_fi))jl o-ipt (178)

and

o = & - pIrz[{:Z(ZO'- Aﬂ _ ( 1 >lt1 _ 2(02 + 20\ + pzﬂei(m)\)t

21 ‘LUz_AZJ o+ A ,\z_pz
_ (%)ei(c—x)t _ [pck+_pp]ei(o+p)t N [po)\_+ p:' c(o-p)t (179)

as determined from substitution of equations (176) and (177) into equations (116) and (118).

The rate error trace, shown in figure 23, is generated by two ellipse envelopes,

whose semiaxes |a| and |c] lie along a line normal to the radial product of inertia
axis.
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Figure 23.- Rate error trace for radial mass oscillation and symmetric spacecraft.

The characteristics of these ellipse envelopes are developed from

= [02 + 20\ + xﬂ JIXZ + Iyz

_p2
b = (02+p x+20pil\}lxz +Iyz
kz—p
2 2
c=p 02 + 200 + p2 _ 1\/Ixz +lyy
A2 - p2 I

2 2
d=p02+20>\+p2.| Ixz +IYZ
2-p? | )

and the precession angles within the ellipses become
dy = tan'll:?- tan pt]

d)c = tan'l[ tan M]

(180)

(181)

The attitude error trace is also derived from two ellipses and takes the form

illustrated in figure 24.
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Figure 24.- Attitude error trace for radial mass oscillation and symmetric spacecraft.

The ellipse semiaxes |b| and |d| initially coincide with the radial-inertia-
product axis and precess at the spin rate. The center of the inner ellipse is given by

{ 2 2
a = ij(Zo - Aﬂ I'xz * Iyz (182)

o2 - A2 i

and the semiaxes for the two rotating ellipses become

2,2 )
b= ROE+N) Iz *lyg
22 - p2 1
2 2
oo+ p?| Vxz~ +Iyz
22 - p2J I
(183)
-k 2 2
d=< p > 2+20+p2 o |\xz +lyz
O+ A }\2 _ pz o - )i I
- 2 2
e=( p > qz+20A+p2+ A \/IXZ + lyz
O+ A2 - p2 o- 7i I J
from equation (179). The precession angles within the ellipses are
oy, = tan'l[% tan~ 1pt]
(184)

4 = tan” 1[-3 tan” 1xt]
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The upper bounds of the error magnitudes become

- 2(c? + 200 + p?)| | |(o+ p) . |o-0)? IPNIxz +Iyg
|QXY|1im ol A2 - p2 T -py| T o+ P (185)
and
2(2 1 2(02 + 200 + p? 1
|a|11m Hézo_xz) ey e o :z_cp;p)“*lo_;\’
0+P G-p Ipl\z xz + Iyz (186)
p(x - p)|  |p(x + p)

These error limits again increase as |p| increases and diverge as |p| approaches |A|

When the disturbance frequency is very small (‘p| << cr), the approximate upper
bounds for the rate and attitude errors are given by

2 2
2|\lxz +lyz

Q. e '

< asn
and
2 2
_lo SIIXZ + gy
|%1im = |X| 1 (188)

These upper bounds correspond to the maximum principal-axis rotation for the inertia
product and do not contain the disturbance frequency.

When the disturbance frequency is very large (| p| >> 0),

2. 2
o _2pp) Isz *lya (189)

Xyl lim

and

2 2
Lyz” +1yg

I

2p(20 - )

22 (190)

|a|11m

The upper bounds defined by equations (189) and (190) increase linearly with |p}
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A comparison of equations (171) to (174) with equations (187) to (190) shows that
the errors for the radial mass oscillation are smaller than those predicted for the cir-
cumferential mass motion, when the disturbance (p, Irz) and spacecraft (o, A, I)char-

acteristics are equal.
Vertical mass oscillation: The vertical mass oscillation comprises a periodic

mass motion, which starts at the point x,y,,0 and is described by

(191)
Z =z, Sin pt

The solution coefficients for this motion are

B, = - ip(?? - pz)Irzw
SR LR r

By = 0

i(02- p2)1,,,

T2 -pI
1(02 - pz)Irz

By = 2 7 =
7 200 + p)I
e

(192)
Bg =

and
—ipIrZ

Ca= (c+ NI
lp(oz - pz)Irz

57 (g+ V(- pI
C6 =0

o ) i(o - pP)Ip,
77730 - pl

)

i(o + p)Irz
2+ pI

Q
=)
1

(193)
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The error vectors, as developed from equations (116) and (118), yield

- 1(02 - pz)I it ipt ~ipt
Qxy = Sy - Z—Oj-:?)%z[zpe1 - +peP s (- pet ] (194)

and

2 R . .
o= el - (S (e B (2 gleoiy o

The rate error trace for the vertical periodic motions is given in figure 25. This
trace is generated by a point on a circle, whose center traces out an ellipse in the
XY-plane. At time zero, both the ellipse semiaxis | a[ and the circle radius vector lie
along an axis which is perpendicular to the mass position radius.

The ellipse semiaxes are computed from

~
Q 2 2
a = rk(oz - pz) VIXZ + Iyz
2 p2 I
- . (196)
~ O 2 I 2
o plo? - p2)|\lxz” * Iyz
2 - p2 I
L . J
Y Y

ol
N N

N B

lQ

vy | Rate error trace Q
, Xy |

At

Figure 25.- Rate error trace for vertical mass oscillation and symmetric spacecraft.
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and the circle radius is

= p(o2 - pzﬂ \}Ixzzl"‘ Iyz2

The center of the circle along the elli

22 - p? |

pse is given by

-1
&, = tan ‘:% tan pi}

and the rate vector tip precesses at the rate )\ within the circle.

The attitude error trace, sketched in figure 26, is produced by a circle which
Both circle and ellipse rotate at the spin rate ¢ and are

travels along the p-ellipse.

initially alined with the radial product of inertia axes.

The center of the ellipse is determined from

2 2
a=( p \Wxz *lyz

and the ellipse semiaxes are given by

o+ N 1

>

- 2 2
o - xe” + Ty

b=
[:)tz-pQL I
o[ 2 3
o - p2|\xz tlyz
c= |55
A% - pé 1
Y

A

Attitude error trace ‘\j’

K

Figure 26,- Aftitude error trace for vertical mass oscillation and symmetric spacecraft.

(197)

(198)

(199)

(200)
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The center of the precessing circle is specified by
_ -1c
&, = tan [5 tan pfgl (201)

and the radius of the circle becomes

d= p(C’z - p2) -l kg + IYZZ. (202)
(0 + A)(AZ - pz)J I

This radius moves with the precession rate A within the circular envelope.

Values for the upper limits of the rate and attitude error magnitudes may be cal-

culated by using

2 2
2 1 +1
= 02—9 1n, _ ) XZ yz
I e [ IR R ) e (2
and
/ 2 . 2
2_ 2 _ IX +I_y
=|sE o - poi\  Lflo+p|, Jo-p[)\x2 T yz
lallim_ﬁo+)\’<1+ A2_p2>+§<7\+pl+ )\_pD 7 (204)

The upper bounds of the errors increase as p increases. The instability trend at
[p| = |x| is obvious from equations (203) and (204).

If |p| is small <|p| << cr), these equations yield

[ 2 2
| zfﬁ e e (205)
X¥ilim A I
and
2 2
T + 1
e e
|%him = ’ Xl‘ i (206)

so that both error bounds are approximately independent of Ip' and contain only the
terms associated with the principal-axis rotation.

If lp] is large (lp ] >> o), the upper bounds reduce to

_ Aeliie” + e (207)
- I

IQXY‘nm
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and

~ 21%1___VIXZZI:IYZZ (208)

as a first approximation. Both these error bounds are directly proportional to |p].

From equations (171) to (174), (187) to (190), and (205) to (208), it can be seen that
the error bounds predicted for the vertical mass oscillation closely resemble those
developed for the radial mass oscillation. The attitude errors for the periodic vertical
motions are, however, somewhat lower than the attitude errors for the periodic radial
motions when the disturbance and spacecraft characteristics are equal.

lallim

Error trends: In concluding this discussion of the variable products of inertia for
symmetric spacecraft, it should be recalled that the variation of the limiting errors
with inertia distribution is similar to that described for the step products of inertia.
Flat disk configurations yield the minimum errors, and spherical configurations are
unstable. However, the magnitudes of the rate and attitude errors are now considerably
larger than those of the errors produced by the step products of inertia.

Controlled Spacecraft Characteristics

Governing equations.- The motion of the controlled spacecraft can be defined by a
method similar to that for the uncontrolled vehicle. The torques produced by the control
system are now particular functions of the measured vehicle angular position and rate.
These torques can thus be considered to be forcing functions applied to the uncontrolled
vehicle equations. The solutions of the resultant differential equations yield the space-
craft's angular position and rate errors, as before.

The analysis begins with the selection of a control torque command and the develop-
ment of the corresponding equations of motion. As an example, a linear control torque
g 1is introduced as

gngIX—Figny:lE[{lXQX-'-KZX‘g‘ S-Zydt-i-KSxB-l- P .jl

+ i{E{lyﬂy + sz S‘ Qx dt + K3ygo + .. :l (209)

where the Kjk are the physical control gains that must be provided by the stabilization
system. The error signals are amplified by these gains, and a control moment, whose
value is equal to the sum of the amplified error terms given by equation (209), is then
applied to the spacecraft.
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Particular nonlinear control torques, which lead to governing equations of the form
discussed in the literature (refs. 21 to 24), could also be considered. The present
application is, however, restricted to a discussion of the linear control functions in equa-
tion (209). These linear control laws can be readily mechanized and allow a simple
interpretation of the mechanics of motion for various types of sensor inputs (such as
those derived directly from rate gyros, stable platforms, or Euler angle computers).

In an analysis of the spacecraft's stability, it is easier to deal with nondimensional
control gains which may be defined by

\
kK = El_’i Ke. = &‘_ Koo = _K_X
Ix 7 I, 2x ~ yly 3x T oIy
(210)
o o K1y Koy o = Kzy
Iy = 3y K2y = ety 3y T oty |
so that g, and gy become
. =)
Ayly
gX=Ak1xQX+k2X—-I—— £y dt + kg, 6+ . . .
X
— -
(211)
—A[l: k -_’\Xlxgsz dt + ok |
By = M1yl + Koy | 5] ) xdbH Okgyo+ .-
. —J
>y
The equations of motion can now be written in the form
. pI |
g + (%{l)gy =gx +1x
(212)

. Agly
b (e o

where

Nt

n
fX 1 MX + CT(IXZ - Iyz > + l: mJ<z]5(] - X].Z]) - ms(zsks - sts:l Z z]y] yJ ] mS(ZS§S - yS.Z.S)

Ix
)

n
= i My - Zl mj[zj(ozyj - Zoxj + y]-) + zjy]-} + rnsi}s (ozys - 20%g + Ys) + ZsYsJ (213)
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and

n n
fy = 1My + offyz + Txz0) + Iiz m; (25 - ¥iki) - ms(esVs - ys.zs)}“ ), mi(xi - 2k - mo(xss - 2g¥s)
=1 j=1

'<H

n
=% My + Z mj[zj (ozxj + 20§ - XJ) + 'z'jxﬂ - ms[zs(ozxs + 20¥g - ;(s) + Esxs:] (214)
=1

with the spin rate o taken to be constant and positive.

The Euler angle relations may be expressed as

b - 00 = O
(215)

6+ 09 =Qy

and the simultaneous solution of equations (212) and (215) specifies the spacecraft's
motion.

Control requirements.- In practice, the spacecraft's rate and inertial position
errors must be kept within specified dead bands which are determined by the spacecraft
mission requirements. Control of the spacecraft to these accuracies may be provided by
a reaction jet system and a momentum storage system, and the torques that must be pro-
duced by the system actuators can be readily determined if the required control torques
about the body axes are specified. With a reaction jet system, these torques are gener-
ated by variable-mass-flow or pulse-modulated jets, and for a momentum storage system
composed of control moment gyros or reaction wheels the corresponding torque com-
ponents along the gyro gimbal or reaction wheel axis are computed and applied. Concern
is given to the actual mechanization of such systems in a subsequent section; for the time
being only the body-axis torques necessary to stabilize the spacecraft are developed.

Since the magnitude of the angular error in inertial space is equal to the magnitude
of the body-referred angular error, the damping of « and $xy will assure the adequate
stabilization of the spacecraft with respect to both body-fixed and inertial frames. The
problem is thus reduced to the determination of control torques that will damp « and
Qxy to zero or to small steady state values.

Control law formulation.- To investigate particular control laws, the corresponding
control torque functions gy and 8y must first be specified. The associated governing
equations follow from equations (212) and (215). The stability regions for the governing
equations can then be defined by making use of the conditions developed by Routh (ref. 11)
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and Hurwitz (ref. 25). If the selected control torques allow stable solutions for the
Euler angles or body rates, time histories and complex error solutions can be found by
the Laplace transform technique or by numerical integration of the linearized equations.
If no stable solutions are possible, the control torques can be rejected immediately.

To illustrate the applications of this technique, several example control laws are

analyzed.

Pure rate control law: For a pure rate control law, consider

Ki1x
&x T 1, Qx = MeyxSly
K, (216)
By =, Oy = Myt
so that the moment equations yield
. )\XIX
Qg = Aefx + Ix Qy = Ix
(217)
O - Ak, Q- Axlx Q, =f
Sty 1y™y Iy -y
The Laplace formulation of the corresponding complex rate error is
2 -
.[sz - )\(klx + le)S + A (1 + klxkly):l QXY(S) = V{(s) (218)

where the transform of the effective forcing function is given by

Ayl

I
V(s) = Vx(s) + iVy(s) = f:(s - ?\k1y) Qxo - (—%)(Zyél + {(s - Ak1y> fx(s) - <A¥—Xy>fy(sil

I
+1 (S - Aklx)ﬂyo + (Z\'I};_X>on + (S - 7Lklx)f}’(s) + (%fx(s) (219)

The time solution of equation (218) consists of the sum of a general solution, for
which fy(s) and fy(s) are set equal to zero in equation (219), and a particular solution
of the complete equation (218), for which fx(s) and fy(s) are specified for the applied
disturbances. The functions fx(t) and fy(t) are the explicit, continuous functions of
time defined by equations (213) and (214) and do not contain the rate or attitude errors.
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The particular solution of equation (218) is directly dependent on the disturbance
under consideration, but characteristic trends for this solution can be indicated when the
general solution is a damped vibration. Step functions in equations (213) and (214) lead
to constant residual rate and attitude errors; impulse functions and their derivatives
lead to damped transient rate and attitude errors which approach zero as time increases;
and sinusoidal forcing functions produce residual sinusoidal rate and attitude errors.
The amplitude of these residual errors is reduced with an increase in the damping ratio.

The actual development of time histories for the various applied disturbances is
not attempted here. The primary tasks of the control system are the minimization of
errors during a disturbance and the elimination of residual errors after removal of the
disturbance. Both these tasks can be accomplished by the selection of stable gains that
yield large damping ratios consistent with realistic control systems and do not require
the development of time solutions.

Stable gains are gains for which all roots in the general solution have negative real
parts. The characteristic equation for this general solution is

52 - Mgy + kay)s + 21+ kygkyy) = 0 (220)

and stability of the complex rate error requires that

'Akly > 2kqy
(221)
lekly > -1
It should be noted that equation (220) has the form
s2 42 2. 222

The damped natural frequency may be expressed as

Wy = |x|\f1 s kp kg (223)

and the damping ratio rp and time constant tD are, respectively,

N

rp = - X =¥ lsgna (224)
2\'1 + lekly
and
- 1 -2
tn = = 225
D~ Tpoy ~ AFix * Kiy) (229
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Selection of the control gains is generally based on a desired time constant and
damping ratio. This selection makes use of the relations

- L 2, L
kix = - Sig 1+ \%tD) + ( rD2> (226)

and

S R VIR I
Ky =~ 5[t || (o) + (1 rD2> (227)

where

1s [1 . (xtDﬂ (228)

™D

for the specified real values of ki, and kly' The stability conditions of equa-
tions (221) are automatically satisfied by equations (226) and (227) for positive real
values of the damping ratio and time constant. Control gains for particular damping
characteristics can thus be determined directly from equations (226) and (227).

The resulting regions of stability for the control gain functions kyy sgn 2 and
kly sgn A are illustrated in figure 27(a). The gain functions must be in the area bounded
above by the rectangular hyperbolas klxkly = -1 and the straight line kiyx = ‘kly' Of
particular interest is the fact that either of the two gains can be zero. This means that
damping of the spacecraft's rates is possible with torques applied about a single space-
craft axis and derived from a single rate gyro for that axis. Hence, a control system
providing rate control torques about two axes has inherent redundancy in the event of

failure of one of the system torquers.

An indication of the damping characteristics obtained for the pure rate control is
given in figure 27(b). This figure shows the overdamped, critically damped, and damped
vibration regions corresponding to the stable control gains. Critical damping occurs
when rp = 1 and yields the conditions

kix = kly +2 (229a)

oF (229h)

kix = k1y -2

from equation (224), Stable gains that fall outside of the straight lines defined by these
conditions will yield overdamped spacecraft motion; gains that fall between the straight
lines will yield vibrational, damped spacecraft motion.
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klx sgni ka sgqni

(a} Rate gains. (b} Rate damping.

ka sgaA

{c) Rate integral gains.

20 2 .;
(k)

(d) Rate integral gains for small rate gains. (e} Attitude gains for small rate and atlitude gains.

Figure 27.- Stability characteristics for the controiled spacecraft.
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From equations (224) and (225), it is apparent that the time constant is smallest
when the two rate gains have the same sign. To optimize both the time constant and the
damping ratio, one of the two gains can be selected to be zero. Single-axis rate control
for the spacecraft should thus be quite efficient.

The transformed complex position equation is

(s + ic)[sz - K(klx + kly)s + 7\2(1 + klxkly) ofs)

= V(s) + [52 - Mg + Kyg) + 251+ klxklyﬂao (230)

Since this equation contains a purely imaginary root, the solutions for the complex posi-
tion error are neutrally stable. The pure rate command is thus limited in its usefulness
to those applications in which only rate damping is needed. An example of such an appli-
cation would be a manned space station, where the functions of rate damping and attitude
control are often provided by different subsystems and where the rate control law is
used to command an onboard momentum storage system.

From equation (218), the rate error may be written as

%(s 1+sz)t

S RSN 7 M RN T, HVAR 0 P

N <&>9ch51“}’(51 - sp)t+ [%0(51 R 52)}051‘(51 - 52)} +a’i—1{[(s - Aky)fx(s) - <%Iz>fy(sﬂ + i[(s - Aty (s) + (A—;(;—X)fx(s]} ot

Ty (s - si)(s - =9

where

Sy = %Kklx +kyy) + \/(;lx - k1y>2 - 4:]
S = %Eklx +kyy) - \[(?1;( - k1y)2 - 4]

The response of the spacecraft is analogous to that of a spring-mass system with forced
vibration and damping. The free vibration term corresponding to the initial conditions

(232)
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e

approaches zero as time increases, and the forced vibration term corresponding to the
applied torque and mass motion effects is multiplied by a magnification factor or is
damped to zero. The magnification factor is a function of the control gains and
decreases as the terms ki, and kjy take on larger stable values. The attitude error
for the pure rate control becomes

* (ﬁbil)ﬂy(J ' {(sl " Fax) o - (L};’Ii)%):'}eﬁt ) {[(52 "~ K1y)%x0 + (%11)%(;\+ i{(sz - ¥15) %o

Ayl

O R
) <LXI}59X(J}6521 Na ‘:(s 1y) x(5) (Ix fy(s)] +1if(s klx)fy(s)j T fr(s) 053

Iy ) (s - sl)(é -_s“Z)Ts:_i:)

where s; and s9 are given by equations (232).

From inspection of equation (233), it is apparent that the initial errors ¢y and
Q%yo contribute both free and damped vibration terms to the spacecraft's motion.
Since the damped terms vanish for large time, only the purely oscillatory terms need be
considered. The amplitude of the motion due to the initial position error «, is not
affected by the pure rate control law, as would be expected from the results of the sta~
bility analysis. The amplitude of the motion resulting from initial rate errors can, how-
ever, be reduced by proper choice of the control gains for the particular spacecraft
under investigation.

In summary, it may thus be concluded that the pure rate control law is adequate
for the damping of the spacecraft's angular velocities. If no initial attitude errors or
reorientation requirements exist for the spacecraft, it should also be possible to select
control gains which will hold the spacecraft to small oscillations about its initial position
in the presence of crew motions and other internal disturbances. This function is par-
ticularly important in spacecraft with solar cell panels or similar equipment, which
must be maintained approximately in a given inertial direction. The effectiveness of the
attitude hold mode for the rate control law should, however, be checked by substitution
of "worst case' forcing functions for the spacecraft into equation (233).
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Rate plus rate integral control law: When the control torque is derived from both

rate gyros and integrating rate gyros,
~

— -

1 | Mly
gx = E(K].XQX + sz S. Qy dt> = A leQX + kzx(—];— Q/y dt

— = ? (234)
-1k K 5 at) = Ak K Xx—I"y dt
& % 178y + Koy ) @ dt) = dikyyQy + koy Iy %
- 3
with the governing equations
) AT T )
x = Ak1xSx + \ L= Qy—)\kzx‘g.ﬂydt=fx
- - (235)
Qy—mlyﬂy- —I;— Qx+7tk2y‘sﬁﬂxdt =fy
L 4 J

The characteristic equation for the general solution for the rate error is given by
st - Mipx + kly)s3 #2214 klxk1y>sz + x3(k2y - koy)s - Mkoykoy =0 (236)

and the stability conditions are

SAkqy > Akpy )
kixkyy > -1
~koykgy > 0 (237)
Xkgg > Nkgx
(klx + kyyYkokoy > (kgy - kZX)[(kzy - kox) + (kg + k1y) (1 + klxklyﬂ
7

The nondimensional gains k]- ; are defined as in equations (210).

The governing equation for the general solution for the position error yields the

relation
[s + io]Es‘l = Mg+ Kyy)s® o A%(1+ kyghyy)s® + 2 3(kgy - kpy)s - x4k2Xk2y] ofs) =0 (238)

Once again, the attitude equation contains a purely imaginary root, which leads to neutral
stability of the position error. The trends of the spacecraft's motion for the rate plus
rate integral control law are thus similar to those for the pure rate control law.
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The stability regime for this control law is shown graphically in figures 27(a)
and 27(c). The nondimensional gains Kixs kly’ koy, and kzy must now be selected
to satisfy the conditions of equations (237). The first two of these conditions are identi-
cal to those for the pure rate control law and are given by figure 27(a). The next two
conditions lead to stable motion in the second quadrant of figure 27(c), subject to the
last restriction which represents a compatibility relation between the rate and rate
integral gains. This compatibility condition yields a hyperbola with the equation

kzyz - [2 + (klx + kly)zjkzxkzy rly 2 (kzy - k2X>Kk1X + k) (1 + K1xKq ﬂ =0 (239)

as sketched in figure 27(c). The stable region in this figure is then the area between the
upper segment of the hyperbola and the k2x sgn A and k2y Sgn A axes.

If the nondimensional rate gains are small in comparison with unity, as for most
practical control systems, then equation (239) can be approximated by

(k1 * kay) = (kax - kay) (240)

and the resultant stability characteristics are given in figure 27(d). The spacecraft's
motion is stable if the rate integral gains are selected from a triangular area of the
fourth quadrant for a set of stable rate gains.

By examining equations (235) and (236), it can be noted that the modified charac-
teristic equation for the rate error reduces to a cubic equation when either of the two
rate integral gains vanishes. This special case would occur during single-axis control
of the spacecraft and is thus of particular interest.

Stability restrictions are given by the standard rate gain restrictions and the
relations
0 > ko, Sgn A > (klx + k1y><1 + klxkly) sgn A
(241)
0 > -kgy sgn A > (klx + k1y>(1 + klxkly) sgn A

The resultant gains will fall on the boundary of the stable region in figures 27(c)
and 27(d). Accordingly, stable control of the spacecraft is possible with single-axis
rate plus rate integral commands.

Numerical integration of the governing equations (235) is necessary to determine
the rate histories for particular values of the control gains. Some general conclusions
can, however, be drawn when the nondimensional rate gains are chosen to be consider-
ably larger than the nondimensional rate integral gains. Inspection of equation (236)
shows that the last two terms in this equation are now small during an initial transient
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period after a disturbance, when the rates are large and their integrals are small. The
rate eqﬁation is thus approximately equal to equations (217) and the rate gains can be
selected from equations (226) and (227) to yield the desired damping characteristics
during the transient period. As steady-state conditions are approached, the rate integral
terms will predominate and the resultant control torgues will tend to eliminate any resid-
ual rate errors. The net effect of this law is a reduction in the gain magnitudes since
the high rate error gains are no longer needed to reduce standoff errors in the steady-
state condition., Damping and attitude hold characteristics for the rate plus rate integral
law should thus be quite efficient.

Rate plus attitude control law: Next, consider control torques developed from both
rate and attitude errors and given by

8x = ilz(leQx + K3x9> = >t(klex + °k3x9)

(242)
1
gy = K1y + K3y¢) = M1y Ry + 0k3y0)
The resultant equations of motion are
. Ayly
QX - Kklxﬂx + —I—X—' ﬂy - O?\k3X9 = fX
(243)

Q,y—k.klyﬂy- —VS)X— O')\_k3y(p=fy
and yield the general characteristic equation for the complex rate error

2 2
k3y AXIX ) k3X )\ny
Iy Ix

. A(klx + k1y> s + [02 + }\2(1 + klxklyil 240

2
- ox(klx + kly) s + 02\ E{lxkly + ki - klg =0 (244)

The associated Hurwitz stability criteria give the following conditions for stability of the
rate errors:
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- Kkly > Aklx

klxkly > -E + (%)2]

2 2
k3o “0%Ix  Kg “Ayl
<3y xlx_ Kox YY>>UA(k1X+k1y)

ly B (245)
kg )‘XIX kg “r kix + k1
(ot o) ol 9

+ \/Eyz - )\2(1 + klxkly):'z + 402A2(1 + kyy - klx)

g

After substitution of equations (215) into equations (242), the characteristic equa-
tion associated with the general solution for the attitude error becomes

sd Mgy + kly)s3 + [02 + 7\2(1 + klxkly)]sz - oz{(lx + Iy - IZ)C? - kI3—X>
x Iy

+ (klx + kly)} s + 027\2[1 + (klx - k3x)(k1y + k3y)] =0 (246)
Corresponding stability conditions for the attitude errors are

-Akpy > Akyy A

klxkly > -E + —]
k3x k3y klx + k 1y N

(klx kgy)(k1y + kay) > -1

(247)

k

(klx + kly)z(k3xk3y - k1xk3y - klyk3x) > (Ix +1Iy - Iz)(%(z
-53-—"> 02(1 +1 -I)Cﬁ-ﬁ%ﬁu(kl +k1)[02->\2(1+k K )]
Iy X7y z Ix Iy X Y, 1x®1y

y,
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Both equations (245) and (247) must hold for stable error histories. Usually, the
nondimensional rate and attitude gains are small in comparison with unity, and the sta-
bility conditions given by these equations can be approximately represented by

’Kkly > A1y W
lekly > =1

0> _—i .IE - _ki__ .Il >1
kix + kiy/\lz/ \kix + kK1y/\Iz

~

(248)

The rate gain restrictions are now identical to those for the pure rate law and are thus
shown in figure 27(a). The attitude gain restrictions, illustrated in figure 27(e), yield a
stable region falling between the lines

My V) Rex M\
le + kly Iz k].X + kly IZ
__k3_y_ EX = _1_{_.35_ x| _ 1
kKix + K1y/\Iz kix + k1y/\Iz

S/

It is worthwhile to note that either of the two attitude gains may be zero, and attitude and
rate damping of the spacecraft is thus possible with torques applied about a single space-
craft axis. The error signals needed in the calculation of these required torques can be

taken from a single rate gyro and a single sun sensor mounted on that axis, and the

(249)

mechanization of such a control system appears to be very simple.

As seen from equations (244) and (246), the determination of the damped rate and
attitude errors again requires the numerical integration of equations (243). It is
observed, however, that both damping and reorientation control can be provided by the
rate plus attitude control law and that this law can correspondingly be used to maneuver
the spacecraft. In comparison, the rate and the rate plus rate integral control laws were
restricted to holding an already established inertial position.

In addition, it may be noted that pure attitude control, for which kiy = kly =0,
will result in several zero coefficients in equations (244) and (246). The associated
spacecraft motion is, at best, neutrally damped and may diverge for certain forcing
functions. Pure attitude control then provides no damping of the spacecraft rate and
attitude errors. This conclusion is, of course, in agreement with previous results.
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General considerations: Other control laws may be investigated in an identical
manner by selecting the control torques, developing the complex governing equations,
and defining the resulting stability regions for the spacecraft's motion. If the control
system gains are chosen to satisfy these criteria, the motion of the spacecraft will be
damped. The determination of time histories of the controlled spacecraft motion
becomes a rather tedious task, however, and is perhaps easiest if the governing equa-
tions (212) and (215) are programed on a digital or analog computer. After it has been
established that the selected control gains lead to stable motion of the spacecraft, par-
ticular disturbance functions can then be studied on the computer to determine the
resultant spacecraft time histories.

Extension of the method to include nonlinear control commands is possible, but
nonlinear techniques (refs. 21 to 27) must then be used to define the stability of the
governing equations. A preliminary selection of the type of on-off control commands, as
represented by step torques, may be made by noting that the spacecraft response for an
amplitude-limited control system with high gains approaches that for an on-off control
system. Sensor inputs and the signs of the control torques may thus be chosen from the
proportional analysis. Time histories for the on-off commands can then be obfained by
substitution of the corresponding step functions in equations (42). The solutions for the
body rates and Euler angles now are found by a piecemeal process, and the forcing and
solutions functions change whenever the dead bands for the on-off system are crossed.

Linear control optimization (ref. 28), as represented by a minimum mean square
error criterion, may also be considered. Maximum torque or error limitations can be
included as restraints in such an analysis.

Control system selection.~ Having determined a control law which leads to accept-
able damped motion of the spacecraft, physical systems that can develop the actuator-
torque histories required by the control law must next be selected. The choice of such
control systems is generally made on a minimum-launch-weight basis, and relations
between the control system weight and its impulse or momentum storage capacity are
needed to evaluate the comparative merits of various control hardware. Preferably,
these relations should not necessitate the detailed design and optimization of competitive
systems for a particular spacecraft.

An empirical representation of the total control-system launch weight in terms of
the angular momentum or impulse provided by the system is used in this analysis. Such
a representation gives reasonable approximate values for the control-system launch
weight and allows the rapid comparison of different control actuation schemes. Further-
more, the empirical results are completely independent of the spacecraft inertia char-
acteristics or dynamics.
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Two tasks then remain, namely, sizing and implementation of the control system:.
To size the system, the spacecraft's angular momentum envelope is determined by inte-
gration of the torques corresponding to simultaneous application of all "worst-case"
disturbances. The launch weight for the control system can then be developed from the
empirical data, and a preferred system concept can be selected. The implementation
of this concept requires the solution of the control system equations to define the actual
torques the system must generate in order to provide the desired control law and elimi-
nate cross coupling moments caused by any angular momentum stored in the control
system.

Control system components may be divided into the general classes of momentum
storage units and reaction control units, Momentum storage units comprise reaction
wheels, single-gimbal control moment gyroscopes, and double-gimbal control moment
gyroscopes. Reaction control units consist of reaction jets with variable mass flow or

pulse modulation,
The angular momentum envelopes for these two classes of conirol components are

then given by

tq td
Hpyp = Hppx + iHMy = [IXS Iy dt:) + i[ly S‘O fy dﬂ (250)
0
for the momentum storage units and
. tq ] td
Hp = Hpx + 1HRy = Iy ‘S‘O (fx|dt +ily Sl |fyldt (251)
0
for the reaction control units. The integra- rz

tion is carried on over tg, the time interval
of application of the "worst-case"
disturbances.

Reaction wheels: For sizing purposes
the reaction wheel is taken to be a flywheel
which is accelerated by means of a torque
motor to produce reaction torques on the
spacecraft. A sketch of a control system
with two such wheels is shown in figure 28.

Figure 28.- Spacecraft control with reaction wheels.
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From manufacturer's data,l the basic weight of a reaction wheel (ref. 29) with a
minimum alternating-current motor configuration is

Hy
where Wy is the total reaction wheel and motor weight in lbm, Hw is the angular
momentum capacity in ft-1bf-sec, and wg is the synchronous wheel speed in rad/sec.

Similarly, the reaction wheel power may be derived from empirical data (ref. 30) as

where Gg is the stall torque in ft-1bf. If a power weight conversion factor of a
lbm/watt is introduced, then the equivalent power system weight for the reaction wheel is

and the total weight chargeable to one reaction wheel becomes
Hy
WwT = Wy + Wp = 6.3 + 170 wg * 2.7TaGgwg (255)

To optimize the total weight for a given angular momentum and stall torque, the total
weight is differentiated with respect to wheel speed and the result is set equal to zero.
Substitution of the corresponding wheel speed into equation (255) gives

The control torques may be assumed to be sinusoidal with amplitude Gg and fre-

quency X so that

t

can be taken to be a good approximation to the control moments. Since these control
moments are equal to the total rate of change of the angular momentum components for
the reaction wheels, it follows that

Gg cos At = ﬁWl - oHy2

(258)
Gg sin At = Hyyg + oHyyg
or by introducing
1Used by courtesy of the Bendix Corporation.
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that

Gge'™ = fiyg + ioHyy (260)
Expression (260) can be integrated to give
G .
_ S | iat

Hyy = <0 m 7\>e (261)

for no initial wheel momentum. Maximization of equation (261) further yields the value

G

Hy = = +SA (262)

for each of the two reaction wheels.

Substitution of equation (262) into equation (256) leads to the expression

Wy = 6.3 + [21.7‘(a(o + A)]HW (263)

which is plotted in figure 29.

The weight of the reaction wheel control system is now given by

W = Wy (HMX) + Wy (Hy) (264)

where Wyt (HMX) and

Wyr(Hyy) are obtained from P TN EE TR T AR

figure 29 with values of Hypy B S leen, TR o /Q/ ey

and Hpyy determined from NN ] ')/ f ;’j ) /4/,

equation (250). Ny Edk LA
Note that the spin rate o _ 1000:‘: A vl

must be very small if reaction 2 AL

wheels are to be efficient. As an g :i///

example, a power conversion factor R BNV / )

of 1 lbm/watt and a spin rate of g 7 //-/‘ |

0.25 rad/sec for a flat disk config- £ m ,/ 2y

uration would yield W = 3074 lom = i/»~ /i{/ / i

for an angular momentum require- ;,/ 4 ;/{j{:“ ST Al e L

ment of 100 ft-Ibf-sec along each AL | e

axis. Since such exorbitant weight ?ﬁ// A I g th disturtance frequency i

penalties are impractical, reaction S “e B 1

wheels generally are inacceptable Reaction wheel momentum, ft-Ibf-sec

for the damping control of spinnin
the ping n P g Figure 29.- Variation of total reaction wheel weight with required

spacecraft. angular momentum. (Conversion factors for SI Units are given
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If such wheels are used for spacecraft with very low spin rates, the governing
torque relations become

= -G = -Hyy - i0Hyy (265)

and

T, = QyHy - OxHy (266)

where G is the complex torque applied to the reaction wheels and Tz is the cross
coupling torque applied to the spacecraft by the control system. Since the body rates
are small, this sinusoidal cross coupling torque is relatively small and its effect on the
spin rate o can be neglected.

The desired control torques are then obtained by directly applying the reaction
wheel torques

by means of the wheel actuators.

Control moment gyroscopes: A control moment gyroscope consists of a flywheel
which spins at a constant speed and is mounted on a single- or double-gimbal arrange-
ment. Control torques are now developed by precessing the flywheel. Torque actuators
mounted on the gimbals provide the necessary precession torques. Sketches of control
systems using single- and double-gimbal gyros are given in figures 30(a) and 30(b),
respectively.

{a) Single-gimbal gyros. {b) Double-gimbal gyro.

Figure 30.- Spacecraft control with control moment gyros.
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Since the weights of single- and double-gimbal gyros do not differ appreciably,
both these units are assumed to have identical launch weights. The basic weight of a con-
trol moment gyroscope can again be developed from manufacturer's data (ref. 31) and
becomes

Wg = 1.87Hg 68 (268)

Power requirements now are derived primarily from the windage and friction losses for
the flywheel and can be approximated by empirical data derived from computer analyses
(ref. 32) as

Wp = 1.47aHg"-362 (269)

The power required by the gimbal actuators is small and is neglected. The total weight

of the gyro is then

0.68

Wap = Wg + Wp = 1.37HG 068 4 1.47a150-362 (270)

Launch weights of the gyro are plotted against angular momentum in figure 31, and a
comparison with figure 29 shows that the total weight for a system using gyros is much
less than that for a system using reaction wheels.
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In a comparison of single- and double-gimbal control moment gyros, it is observed
that the weight for the single-gimbal gyro system is derived from

Wt = Wor(Bmx) + War(Hmy) (271)

whereas the weight for the double-gimbal gyro system becomes

2 2
VHMx + Hyy
Wm =W y
T = GT coSs ag (272)

where og is the limiting gimbal angle and Hp;, and HMy are again found from
equation (250). Since ag is generally 600, the double-gimbal gyro system is somewhat
lighter than a control system using two single-gimbal gyros.

To derive the gimbal actuator commands for the implementation of the desired con-
trol laws, these torques are again deduced from the total rate of change of the angular
momentum vector for the gyro system. Thus, the complex control torque is

= -Gyy = -Hyy - iEery - Hzﬂxﬂ (273)

and the cross coupling moment becomes

Ty = -Hy + QyHx - QxHy (274)

The minor changes in the spin rate ¢ due to T, are neglected in this linear formula-
tion, and the necessary control commands are now found by expressing Hxy and Hg
in terms of the gimbal angles.

For the single-gimbal gyros this gives

ny = HX + iHy = HG]. sin Qg - IHG2 sin (pg

(275)

Hyz = Hgj cos 6g + Hgg €0s ¢g

The governing torque equations now reduce to

g=-Ggy = - I:HGl(ég + Qy)cos fg + HG2<0 sin gg + &y cos gog)]
+ i[HGz(c'pg - S?,x)cos Qg + HGl(" sin 6g - Qx cos Qg)] (2176)
and

Ty, = Hgy(Bg + Oy)sin 65+ Hga(Pg - x)sin og (277)
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where the small gimbal accelerations have been neglected. Gimbal torques may be
commanded directly from

Gxy = Gx +iGy = -g (278)

in an open-loop system.

For the double-gimbal gyro the angular momentum components along the space-
craft's axes become )

Hxy = HG(sin fg - 1 sin ¢g cos eg) (279)

and

Hy = H cos ¢g CcOs bg
The torque relations thus are
g =-Gxy = —(GX +1iGy cos qog)
= —H(;{[ég + 0 sin gog + Qy cos (pg]cos Gg - i[(c'pg + Qx)cos fg cos ¢g

- (o + ég sin qag)sin Bgil} (280)

and

Ty = -Gy sin ¢g = Hg {(cbg + Qx)sin @g cos Oy + (Qy + ég cos gog)sin 9% (281)

where the gimbal acceleration terms are again neglected.

Necessary gimbal torques are developed from

Gx = 'ngx
(282)
Gy = —Iygy sec ¢g

and require the measurement of the gimbal angle Pg-

Reaction jets: The reaction jet system comprises the propellant, oxidizer, engines,
and tankage weight necessary for the spacecraft's control. To arrive at weight estimates
for such a system it was assumed that the usable specific impulse considering engine effi-
ciency, expulsion efficiency, and ullage would be 290 Ibf-sec/lbm and that the propellants
would be storable hypergolics housed in tanks with positive feed expulsion diaphragms.
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Manufacturer's data? can then be extrapolated (ref. 33) to yield the idealized total system

(283)

0.010110-912

Wit
which is presented in figure 32. Here I is the total impulse in Ibf-sec. This impulse

weight

may be written in terms of the total momentum envelope for the spacecraft as

(284)

Y, and Z body axes.

where Iy, ly, and I, are the moment arms in ft about the X,

also hold for non-

spinning spacecraft.

wq| yybram waysAs yaf ucioras |0l

Total impulse, Ibf-sec

Figure 32.- Variation of total reaction jet system weight with required total

(Conversion factors for S| Units are given on page 10.)

impulse.

Used by courtesy of the Minneapolis-Honeywell Regulator Company.
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An assessment of the weight of the reaction jet system thus requires the develop-
ment of total momentum envelopes for the spacecraft mission. The momentum for par-
ticular disturbances must be determined from equation (251) and the resulting momentum
components along the spacecrait's axes must then be multiplied by the probable frequency
of occurrence of each disturbance. By repeating this process for all disturbances and
summing the individual momenta along each axis, a total momentum envelope per
sampling period is obtained. The weight crossover time between momentum storage and
reaction control system can now be established from figure 32, since the total momentum
envelope per unit time has been developed. If the mission time exceeds this crossover
time, momentum storage systems should be selected for damping of the spacecraft's
motion.

If reaction-jet systems are chosen, they can be combined with a mass-balancing
system which compensates for any constant products of inertia resulting from crew
motion or cargo transfer and eliminates limit cycling of the jets about the new principal
moments of inertia. Such a system could, for example, pump the propellant to different
positions within the spacecraft to obtain its control torques. Since the design of this
mass-balancing system is very much dependent on the spacecraft geometry, it is not

considered here.

Mostly, however, the control system consists of both reaction jets and momentum
storage systems. The jets then provide for attitude control and orbit keeping and the
momentum storage system is used to damp any oscillatory motion of the spacecraft.
Attitude control commands are now used to actuate the reaction jets while rate and rate
integral commands provide control laws for the momentum storage system. The develop-
ment of such combined systems is again dependent on specific spacecraft and disturbances
and will not be attempted in this analysis,

Comparison of Exact and Approximate Solutions

Two possible manned spacecraft were considered for a comparison of the results
of the numerical integration of the exact equations of motion and the results of the pres-
ent analytical solution. These spacecraft were a cylindrical manned orbital research
laboratory and a large hexagonal space station.

Manned orbital research laboratory.- The manned orbital research laboratory
(MORL) is proposed as an earth-orbital laboratory in which scientific and engineering
experiments could be conducted over extended time periods. The basic laboratory is
designed to support a crew of six astronauts in a 200-nautical-mile orbit for periods up
to 5 years. During spinning operation, the laboratory module and the last stage of its
Saturn booster would remain attached by a system of cables and would rotate about a
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common mass center. The resultant centrifugal force would produce an effective gravity
field in the manned module. A sketch of the corresponding MORL configuration is shown
in figure 33. Assumed inertia and mass characteristics (ref. 34) for this configuration
are given in table VI. The inertia distribution is near-cylindrical, and the manned
module and booster counterweight rotate about the Z-axis at 0.4 rad/sec. A gravita-
tional acceleration, equal to one-fourth that at the earth's surface, acts on the manned
module because of this rotational rate.

The effects of various disturbances on MORL are summarized in table VII. The
disturbances include residual rate and attitude errors after spin-up, moments applied by
an attitude control system valve failure in the open position, and several "worst-case"
crew motions. These motions comprise step translation to an extreme position within
the laboratory and linear oscillations which could result from trampoline exercise, lad-
der climbing, or floor pacing. A linear velocity of 4 ft/sec is selected for all oscillatory
motions, and the entire crew of six is taken to be a single equivalent mass with a mass
factor Q of 36 slugs.

Equations defining these disturbances are listed in the second column of table VII,
The resulting error limits have been found by hand calculations of the analytical upper
bounds and by extrapolation of the error time histories obtained from numerical integra-
tion of the exact equations of motion on an IBM 7094 system.

L-67-966
Figure 33.- Artist's sketch of possible manned orbital research laboratory.
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Both rate and attitude error limits are given in the table. The rate error limits
range from about 0.004 rad/sec for the step inertia products to about 0.024 rad/sec for
the step torques, and the attitude error limits vary from approximately 0.01 rad/sec for
the step inertia product to approximately 0.18 rad/sec for the residual errors after
spin-up. Significantly, the errors caused by the periodic mass motions are several
times greater than those produced by instantaneous motion to a final position. Predic-
tions of maximum spacecraft errors due to crew motion must thus consider any periodic
crew motions that may occur. Onboard experiments, which require high-accuracy con-
trol of the spacecraft, may be adversely affected by the oscillatory crew motions and
may require restriction of these motions.

The approximate error limits developed from the analytical solutions show reason-
able agreement with the maximum errors determined from the exact solutions. The
deviations of the approximate error limits from the exact error limits are generally less
than 20 percent of the exact error limits. These upper bounds of the spacecraft errors
thus give a conservative estimate of the effects of various disturbances and should be suf-

ficient for initial engineering design applications.

Two of the solutions described in table VII have been selected for a comparison of
the actual error histories and the error histories given by the analytical solution. The
disturbances are the step product of inertia and the vertical mass oscillation. Both the
uncontrolled and the controlled spacecraft motions were considered. Solutions for the
uncontrolled motions were obtained from numerical integration of the exact equations of
motion and from evaluation of the error relations developed in this analysis. Solutions
for the controlled motions wetre obtained from numerical integration of both the linearized
and the exact equations of motion. All calculations were carried out on an IBM 7094
system.

Single-axis control commands, which apply torques about the X or minimum-
inertia axis of MORL, are most efficient. The nondimensional rate damping gain kly
in equation (227) may accordingly be set equal to zero. This operation yields

2

as the nondimensional rate damping gain for the X-axis. The corresponding rate integral
gain, when used, is arbitrarily selected as

klx

=g

to fall in the stable region of figure 27(d).
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For MORL, the time constant tp 1is equated to one spin cycle or 20 sec. Values
of the control constants are then

Kix = -13 300 ft-1bf-sec/rad
and
Koy = -2 040 ft-1bf/rad

The rate damping ratio becomes
I‘D = 0.1

and state-of-the-art gyros (ref. 35) in the 500 to 1000 ft-1bf-sec class (fig. 31) and jet
hardware can provide the necessary control torques.

The MORL response to the step product of inertia is illustrated in figures 34
and 35. The uncontrolled rate and attitude errors are given in figure 34. It is apparent
that the exact and approximate solutions are virtually identical. Both the rate and the
attitude errors are biased sinusoids. As expected from the trace analysis, the largest
rate error occurs about the Y-axis and the largest attitude error corresponds to rotation
about the X-axis (figs. 9 and 10). To the crew, the rate error appears as a minute
rolling motion of the laboratory floor with a maximum amplitude of 0.6°.

05 ¢

1}- —— Approximate solution

0 \//\\.//\v/\\//\\‘/A I A — Exact solution

%
1
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Figure 34.- Uncontrolled laboratory error histories for step inertia products.

101



a 0 .- -1 [— Approximale and
X exact solutions
deg
sec
-5 -2

le = -13 300 it-Ibf-sec/rad
-05] -s5L

deg 10 10 Note change of scale

-15 deg -

-2l e o

L 1 1 _J
0 20 40 60 80 100 0 20 40 60 80 100

Figure 35.- Laboratory error histories for step inertia products and pure rate control.
(Conversion factors for S1 Units are given on page 10.)

The controlled response of the laboratory to this disturbance is shown in figure 35.
This figure, which corresponds to pure rate control about the minimum inertia axis,
again gives the same results for both the exact and the approximate solution. The labo-
ratory oscillation is reduced to steady coning in about three spin cycles. The constant
residual rate errors produce constant control torques which counteract the mass unbal-
ance torques produced by the products of inertia. The effective disturbance torque is
thus less than it was for the uncontrolled response, and the residual rate errors are cor-
respondingly somewhat smaller than the constant components of the uncontrolled rate
errors. The oscillatory terms in the uncontrolled rate errors are due to the accelera-
tion terms associated with the introduction of the inertia products and tend to zero in the

controlled error histories.
The attitude errors for the damped rate errors become

. iQ
Op = @y + 16y = %e-mt - iyr (286)

from equations (215). For the step products of inertia, the attitude errors result from
changes in the body rates which do not affect the total spacecraft momentum. The con-
tribution o, of the transient oscillatory terms in the body rates to the attitude errors
tends to zero, and residual attitude errors are given by

_%r
Yr="0 (287)
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where Qxy and £y, denote the residual body rates. Both the rate and attitude errors
approach constant values for the theoretical solution.

As predicted by the analysis of the controlled spacecraft characteristics, single-
axis rate control is acceptable for normal operation and experiments which do not require
high-accuracy stabilization of the spacecraft. The MORL response to a vertical periodic
motion of the entire crew is depicted in figures 36 and 37. Figure 36 illustrates the
uncontrolled results. The exact and approximate solutions check very closely. The rate
and attitude errors now comprise a low-frequency, large-amplitude sinusoidal oscillation
due to precession within the outer (1) ellipses and high-frequency, small-amplitude oscil-
lations due to precession within the inner (p) ellipses. (See figs. 12 and 13.) The maxi-
mum errors are two to three times as high as the corresponding errors for the step
inertia product. The laboratory floor also undergoes irregular rolling motions with maxi-
mum amplitudes of about 2°. Since the distance (ref. 34) from the center of rotation to
the laboratory floor is approximately 50 ft, this roll can produce a 2-ft total translation
of the station floor and could present some difficulties to a moving astronaut within the
laboratory.

L0
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n

n
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L
0 10 20 30 40 50 60

Figure 36.- Uncontrolled laboratory error histories for vertical mass oscillation.
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Figure 37.- Laboratory error histories for vertical mass oscillation and rate pius rate integral control. (Conversion factors
for S| Units are given on page 10.)

The controlled laboratory motion is presented in figure 37. Control torques are
applied about a single axis, but a combined rate and rate integral control law is used.
The laboratory motion is quite similar to the uncontrolled motion but exhibits damping of
the free vibrations, as is apparent from the gradual decrease in the corresponding error
terms. Since the periodic forcing function terms predominate, this type of response is
to be expected. Agreement between the approximate and exact solutions is very good,
and the small differences in the error histories can only be detected for the angle o.

The uncontrolled and controlled error histories developed from the approximate
solution for the nonsymmetric MORL are practically coincident with the exact error
histories for all the disturbances that have been examined. The analytical solution is
thus a useful tool for the study of the nonsymmetric laboratory motion.

Large manned space station.- A second possible manned rotating spacecraft is the
large spinning space station, such as the 150-ft station which is considered here. This
station (ref. 1), shown in figure 38, has six cylindrical outer modules arranged in the
shape of a hexagon. The outer modules are connected to a central hub and docking port

104



Figure 38.- Artist's sketch of possible 150-ft manned space station. L-67-967

by three spokes. Rotation about the maximum inertia axis provides artificial gravity for
the living modules. The crew of this space station would vary from 6 to 21 astronauts.

Assumed characteristics for the 150-ft space station are listed in table VIII. The
inertia distribution approaches that of a flat disk and the spin rate is 0.314 rad/sec. The
crew is assumed to be composed of six astronauts with an effective mass factor Q of
about 36 slugs.

Disturbance effects on this space station are summarized in table IX. The dis-
turbances are similar to the MORL disturbances, and periodic crew motions are simu-
lated by motion of a single equivalent mass with a linear velocity of 4 ft/sec. The rate
error limits range from approximately 0.006 rad/sec for the step inertia products to
approximately 0.015 rad/sec for the circumferential mass motion. The attitude error
limits vary from about 0.017 rad/sec for the step inertia products to about 0.18 rad/sec
for the residual errors. The errors due to periodic motions are considerably greater
than those introduced by the step products of inertia.

Circumferential crew motions and the residual errors were chosen for a further
comparison of the approximate and exact solutions. Both uncontrolled and controlled
solutions were developed.
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Control torques were now applied about both station axes and the corresponding
control gains were assumed to be equal. Equations (226) and (227) now yield

I SO N
=kyy = o - (288)

klx

p

as the nondimensional damping gains. The corresponding rate integral and attitude gains,
when used, are selected as

K
1x
kox = -Kgy = 7=

and

k3x 'k3y =K1y

from the stable regions of figures 27(d) and 27(e). The physical control gains become

Kix = Kjy = -222 817 ft-1bf-sec/rad

Koy = -Kgy = -75 000 ft-1bf/rad

and
Kax = —K3y = -70 000 ft-1bf/rad

from equations (210). A time constant of about three spin cycles or 54 sec was selected
to give the damping ratio

Higher values of damping would require exorbitant control moment gyro and reaction jet
control systems. Even the selected value requires gyros in the 5 000 to 10 000 ft-lbf-sec
class and exceeds the present state of the art in gyro hardware shown in figure 31. Rapid
jet damping, although feasible, results in large fuel consumption.

The advantages of single-axis control for nonsymmetric vehicles become obvious
when it is noted that the MORL, with about one-half the spin momentum of the 150-ft
station, requires a control system that is an order of magnitude smaller. In addition,
the MORL is able to achieve lower time constants and considerably better damping ratios.
These results lead to the conclusion that nonsymmetric spacecraft, spinning about a maxi-
mum inertia axis, are preferable from the control standpoint and that single-axis stabili-
zation about the minimum inertia axis can result in a major saving in control system
weight for these spacecraft.
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The 150-ft-station motion for the circumferential mass transfer is given in fig-
ure 39. The approximate and exact solutions are in good agreement, and the time
histories exhibit slow oscillations. These oscillations (see figs. 21 and 22) consist of a
large-amplitude sinusoid with the mass motion frequency p and small-amplitude sinus-
oids with, approximately, the precession frequency A. The angular deviation of the
gravity vector has an amplitude of about 3° and appears as a corresponding slow rolling
motion to the crew. For the 150-ft space station this rolling motion produces a 4-ft
oscillation of the station floor.

deg'

—— Approximate solution
----- Exact solution

dég

) 1 1
[} 40 80 120 160 200 0 40 80 120 160 200
t, sec t, sec

Figure 39.- Uncontrolled space station error histories for circumferential mass motion.

The controlled space station response is illustrated in figure 40, Control is
derived from rate plus rate integral commands, and the station rates are damped to a
purely sinusoidal trace in approximately nine spin cycles. The constant rate term in the
damped trace eventually disappears under the action of the rate integral commands.
Residual rate errors may then be expressed as

Ouyr = -2 (289)
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Figure 40.- Space station error histories for circumferential mass motion and rate plus rate integral control. (Conversion
factors for S1 Units are given on page 10.)

where r denotes the half-amplitude of the residual rate. From equation (160), this

residual rate amplitude term is
1.,(0+p)?
Qr [l —
I(x - p)
so that

2
Oy - L (0+p)" oint
e I(x - p)

The corresponding residual rate error becomes

: Irz((I +p) ipt

Oy Till——
Y- p)
and
_ er ~ Irz(o + p) . t
Yr=\v+p ~ ~ - p) sin p
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Or cos pt

Erz(0 + p)—l

o+p I - p) |

The residual terms correspond to the coefficients of eip
The control system thus has little effect on the magnitude of the errors

t in the uncontrolled solution

functions.
directly caused by the constant circumferential mass motion, as would be expected for
the selected low value of the damping ratio. The approximate solution compares favor-

ably with the exact solution for this example.

Figure 41 presents the space station response for residual rate and attitude errors.
The
The

As anticipated from figure 15, the rate errors are simple sine and cosine curves.
attitude errors, defined by equation (133), are somewhat more complex sinusoids.
exact and approximate solutions checked to within three significant figures.
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Figure 41.- Uncontrolled space station error histories for residual errors.

The controlled space station motion with the residual errors is shown in figure 42.
Rate plus attitude control commands are now employed, and the station completes the
required 10° reorientation about two axes in approximately 16 spin cycles. The analyt-
jical and exact solutions again were identical.
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Figure 42.- Space station error histories for residual errors and rate plus attitude control. (Conversion factors for
S Units are given on page 10.)

Summary of comparison.- The analytical solution was in excellent agreement with
the exact solution for all examples considered. Since the spacecraft used in the com-
parison are typical of future rotating manned spacecraft, the analytical solution should
be valid for the determination of the dynamics and control of most such spacecraft. Ana-
lytical results for unmanned spacecraft, which may have larger torque disturbances and
residual errors but have few or no inertia changes, should also be acceptable. The time
history data obtained for the step torques and residual errors were accurate to three
places and an increase in these disturbances should not appreciably degrade the resulis
in the linear range. The analytical solution thus offers a simpler, more economical, and
more direct means of assessing the effects of various disturbances and spacecraft char-
acteristics on the spacecraft motion than the computer runs. The insight into the
mechanics of motion, which is gained from the error formulation developed in this analy-
sis, should be of major value to future work on the dynamics of arbitrary rotating

spacecraft.
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ANALYSIS OF SPIN-UP AND DESPIN MODE

Governing Equations

For the present application of the governing equations for the spin-up and despin
mode, the spacecraft disturbances are assumed to be restricted so that no internal mass
movements occur and no moments are exerted about the spacecraft X- and Y-axes.

With this restriction, equations (8) and (12) then become

1
and
dt 1
19 y_ S'_ My dt|dt 291
V=108, T Izl: Z} (291)

Spin-up and despin moments about the Z-axis are assumed to be provided by
constant-thrust, pulse-modulated jets (refs. 1, 34, and 36). Since the control of the space-
craft during this mode is quite straightforward, the main problem is the selection of a
spin-up and despin technique which minimizes the associated fuel consumption for rigid
and extensible spacecraft.

Rigid Spacecraft

For the rigid spacecraft configurations, such as the large hexagonal space station,
the jet moment arms remain constant, Spin-up and despin fuel is thus given by

_ Myte _ LsS ¢
Wgy = =
lziIsp  Iztlgp

(292)

where the subscript f denotes conditions after completion of the spin-up maneuver.
The simplest spin-up technique would apply continuous thrust or constant-width thrust
pulses until the desired spin rate $zf is reached.

Extensible Spacecraft

Mathematical model.- For extensible spacecraft configurations, such as the MORL,
the fuel calculation becomes somewhat more difficult. As an example, consider the
mathematical model in figure 43. The spacecraft consists of a manned module with
mass mpy, and a counterweight module with mass m¢. The two modules are connected
by a flexible cable or strut arrangement, which is extended to produce a large rotational
radius. The distance between the module mass centers is designated [, the offset dis-
tance between the thrust Pm and the manned module mass center is Iy, and the offset
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Figure 43.- Mathematical mode! for spin-up fuel calculations.

distance between the thrust P and the counterweight module mass center is Ic.
These offset distances yield a larger moment arm and may be required to maintain the
spin-up thrust line normal to the line connecting the mass centers. To minimize oscil-
lations of the manned module about its Z-axis, some type of rate damping should also be
provided. Rate damping moments can be supplied by a small reaction wheel or passive
dampers. The individual module oscillations about their respective mass centers are,
however, neglected for the spin-up fuel calculations.

Spin-up thrusts may be produced by jets on the manned module, by jets on the
counterweight module, or by jets on both modules. The first method is preferable when
the counterweight module mass exceeds the manned module mass, and the second method
is preferable when the manned module mass exceeds the counterweight module mass.
The third method may be used if jets are mounted on both the manned and counterweight
modules; a pure couple about the spacecraft mass center can now be produced by
selecting

P, = (EEE>P
¢ = \my/Fm

m
m
ZC = <-1‘I_10—>Zm

Spin-up thrusts would be simultaneously applied to both modules for this method.

(293)

All three thrusting methods lead to effective moment and moment arm relations of
the form
ZZ = Dll + Dz
(294)
Mg = D3l
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where

Pome + Pemy, )

D]' = (Pm + Pc)(mm + mc)

- Pmlm + Pclc (29 5)
Pm + Pe

D3=Pm+PC

J
for the spacecraft model.
The spin inertia Iz can be written as
Iz = IO - D4lz + Dslzz (296)
where
~
L.o=1 I mempy, \/Dy 2
o=m* et \m T mo\Dy
_ [ 2mempy, D,
D4 - <mm + mc><D12 (297)
Dr = MeMyy, 1
57 \m, + mg D12

and Iy and I, denote the manned and counterweight module inertias, referred to the
module mass centers.

Equations (293) to (297) now allow the simple formulation of the total fuel consump-
tions for different spin-up techniques.

Spin-up and despin techniques.- Spin-up is assumed to occur in the following man-
ner. While rigidly coupled, the two modules are brought to an angular rate €g3j. The
modules are then separated by extending the flexible module connector under action of

the centrifugal force. During this extension process the spacecraft momentum, spin-rate,
or spin-up thrust may be held constant. After the full cable extension is reached, the

two modules are spun up to the final spacecraft spin speed. Despin requires this
sequence in reverse order.
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The fuel required for spin-up or despin can be expressed by

te/m
Wgy = -1—5 (—Z>dt
IgpJo \lz

1 Lz y te(szZZ + izgz> sz(sz - Qze)
= =t dat + -
Isp| Izi t; lz lzf
1,69 L2t (1,9
_ 1 |‘zfdozf Z1flgsig) .-
zf lzi \ Iy :

where the subscript i denotes conditions after the initial spin-up to i, the subscript
e denotes conditions after the extension, and the subscript f again denotes final
conditions.

Three characteristic spin-up techniques are considered here. These involve
extension with constant momentum I,;9,;, constant spin rate i, and continuous
thrust.

Constant-momentum extension: Perhaps the simplest spin-up technique is one
where no spin-up thrust is applied during the extension. The modules are allowed to
separate as desired while the spin speed automatically decreases to maintain the angular
momentum constant, After achievement of the desired extension the spin-up jets are
again actuated.

The fuel consumption now becomes

L9 I,:9,:\/1
Wy = zf*zf 14 (22 <_z_f_ 1> (299)
lzflsp 1759208/ \lzi
from equation (298). The rate of cable (or strut) extension does not affect this fuel con-
sumption and may be varied arbitrarily to maintain the cables in tension during the exten-

sion. The fuel consumption is minimized by selecting the smallest value of $3j which
yields sufficient cable tension at the completion of the extension.

Constant-rate extension: For this spin-up technique, the spacecraft spin speed is
maintained at its initial value $€,; throughout the extension. The modules are again
allowed to separate until the final extension is reached, and the spacecrait is then brought

to its final spin speed £zf.
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The fuel consumptions relation (298) reduces to

____IZfQZf lz£\($zi Lyt = Uz -
Wary = 14— I -D,y In| =4+ Dg(ls - L,; (300)
SU= 3o tap L \log ot [\ 2or ) ~ D2 gy, ) Dt - )

for this technique. Fuel consumption now is minimized by selecting the smallest value
of Qi which yields sufficient cable tension at the beginning of the extension.

The spin-up thrust for the constant-rate extension is established by the require-
ment that the rate of change of angular velocity due to operation of the thruster must be
greater than that due to the rate of extension or retraction. When the extension rate is
maintained at a constant value 22, this condition can be expressed as

. Dy
D3 = Q317 |:2D5 - Z_il (301)
zi
The minimum thrust is thus directly dependent on the product of the extension rate and
the initial spin rate. Corresponding conditions for variable extension rates may be
developed from equation (290), if the time variation of 1, is known.

Continuous-thrust extension: Another possible spin-up technique would involve
continuous thrusting during the spin-up. This brute-force technique requires rapid
extension of the cable modules to be efficient, but is simpler to implement than the
constant-rate extension.

The associated fuel consumption is given by

D I, Q La\/Z,\ /.3 7,D
Wgy = 3t -zt ) ze> + [ 2L _z_f><921>+ zf 3>(te _ ti) (302)
Isp  ly4lsp Qzf I£/\lzi/\Szf/ \lz£Q¢

To evaluate equation (302), a time history for either Qgz or [, during the extension
must be selected. Values of €, and te can then be developed from this time history
and equation (290), if it is recalled that 7, =1,y and £, = Q,, when t=te.

If the extension rate I, is constant, then

D,l 9
$02¢ = I‘:’;Eziﬂzi + D3ZZi(te - ti) + g Z(te B tl)}

(303)
lys = Ly
te - tl = .Zf_z_z_!'.
Z
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Substitution of equations (303) into equation (302) now yields

_ L8, ¢ 1+ (lzf - Zzi> 151903 + D3(ZZf _ lZi)_l (304)
Izflsp Iz¢8¢ Lzi 2iz _l

and fuel consumption is optimized by selecting the smallest value of €5i and the largest
value of iz which avoids cable slacking during the extension.

Comparison of extension techniques: To compare the different extension tech-
niques, the fuel consumption for each technique is expressed as the ideal fuel consump-
tion at full extension plus an incremental fuel consumption for the extension process.
From the ratio of these incremental fuel consumptions taken from equations (299) and

(300), it follows that
. l N
. in E)
T PR P O
(QZi)CR,CT D5lzi2 Lz Lz 1- <;7£>
zf

is the condition corresponding to equality of the constant-rate and constant-momentum

(305)

fuel consumption. Similarly the relation

(‘QZi)CM Izi 1 D3 Lt
( ZI)CR,CT D5lzi DSZZ(QZi)CR,CT Z

must hold for equality of the constant-thrust and constant-momentum fuel consumption.

The initial spin rates (in)CT and (in)CR for the constant-thrust and
constant-rate extensions should produce equal centrifugal forces to start the extension
and are both assumed to be equal to the value (in) CR,CT" The spin rate (QZi)CM for
the constant-momentum extension is greater than or equal to (Qgzj CR,CT"

Equations (305) and (306) are represented graphically in figure 44. This figure

allows the direct selection of the most economical spin-up technique for a particular
spacecraft as a function of an extension length ratio Izj /sz, a moment arm ratio Dy /lzi,

Dj (%21) o ] 1< Ipi >

a thrust ratio . ~——!, and a momentum ratio 0 ) 5
D5lz(in)CR,CT ( Z1)CR,CT D5lzi
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Figure 44.- Fuel criteria for extension technique selection.

The extension parameters Dg, Dg, I, (%2i)cr o 2nd (QZi)CM are first chosen.
The selected parameters and the initial spacecrait’characteristics determine values for
the moment arm ratio, the thrust ratio, and the momentum ratio.

For a particular value of the extension length ratio, the moment arm ratio locates
a fuel criteria point corresponding to the constant-rate extension and the thrust ratio
locates a fuel criteria point corresponding to the continuous-thrust extension. The
momentum ratio gives a third fuel criteria point for the constant-momentum extension
which can be located on the ordinate. The lowest of the three fuel criteria values indi-
cates the technique which yields the lowest fuel consumption.

The special case, where the minimum centrifugal force for all three techniques is
equal, is of interest since the minimum cable tension usually determines the extension
parameters. For this case,

(307)
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for the constant-momentum extension and

] Q .
Dg 2 ( ZZI)CR’ZCT (308)
1z = lzi
for the continuous-thrust extension.
From equations (307) and (308),
Constant-momentum fuel criteria =14 fz_f (309)
Continuous-thrust fuel criteria lzi

and the continuous-thrust extension is now always more economical than the constant-
momentum extension. Only the constant-rate extension and the continuous-thrust exten-

sion need thus be compared.

As an example, consider the manned orbital research laboratory described in
table VI. The assumed extension parameters for this spacecraft are

5 = 37.5 it
L= 137.5 ft
(QZi)CR,CT = 0.1 rad/sec

Q¢ = 0.4 rad/sec
D3 = Py, = 100 lbf

D2=Zm=4ft

and a spin-up technique which yields the lowest fuel consumption is desired. The cable
tension must be greater than or equal to its initial value during the extension, and the
spin-up time is immaterial.

Since the minimum centrifugal force must be equal for all three techniques, the
constant-momentum extension may be disregarded. From the given extension param-
eters and equations (301) and (308),

(iz)CT = 0.252 ft/sec
and
(iz)CR = 0.172 ft/sec

are obtained as the respective limiting extension rates for the continuous-thrust and
constant-rate spin-ups.
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The extension ratios now are

Z .

2l _0.334
lzf

D

22 _ 0.254
lzi

and
D3

: = 1.02
DSGZ)CT(QZi)CR,CTJ

By using these values with figure 44, it is found that

(Fuel criteria)CT =1.0
(Fuel criteria)cR =1.6

Since the fuel criteria for the continuous-thrust extension are considerably lower than
those for the constant-rate extension, it follows that the continuous-thrust spin-up tech-
nique requires the least spin-up fuel for this example.

The actual fuel consumption values for the example, as computed from equa-
tions (299), (300), and (304) for a specific impulse of 290 lbf-sec/lbm, are

Wgy, cr = 245 1bm
Wgy,CR = 256 1bm

The continuous-thrust spin-up requires approximately 12 percent more fuel than the
ideal spin-up at full extension and the constant-momentum and constant-rafe spin-ups
require approximately 26 percent and 17 percent more fuel than the ideal value of

219 lbm. A saving of about 22 lbm of fuel can thus be realized for each spin-up and
despin cycle by selection of an optimum spin-up technique for this example.

If desired, the response of the spacecraft to internal mass movements and external
disturbance torques may be included in the analysis of the spin-up and despin mode by
using equations (8) and (12) as the governing equations of motion. Supplementary linear-
ized equations of motion for the relative module oscillations can be incorporated in such
an analysis.
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CONCLUSIONS

An approximate solution of the equations of motion of arbitrary rotating spacecraft
with variable disturbance functions has been developed on the basis of small changes in
the spacecraft body rates, Euler angles, and inertia terms. Complex representations
have been used to define spacecraft and rate errors induced by the disturbance functions,
and the solutions for the time history components and total error vectors have been
examined for both uncontrolled and controlled spacecraft,

The results of this analysis have led to the following conclusions:

1. A comparison of the present analytical solution and solutions obtained by numeri-
cal integration of the exact equations of motion for two typical manned spacecraft has
shown that the analytical solution is in excellent agreement with the exact solution for
the small angle and rate regime. The analytical solution provides a simpler, more
economical, and more direct method of assessing the effects of various disturbances and
spacecraft characteristics on the spacecraft motion and allows an insight into the mechan-
ics of motion which cannot be derived from the numerical solution.

2. Analytical upper limits of the rate and attitude errors induced by various dis-
turbances are in reasonable agreement with the maximum errors found by interpolation
of the numerical data. These upper limits should suffice for first estimates of the effect
of the disturbances on the spacecraft motion.

3. The spacecraft inertia distribution was found to have a significant effect on the
spacecraft motion for equal disturbance characteristics, Spacecraft whose inertia dis-
tribution approached that of a flat disk exhibit considerably more inherent stability than
slender, near-cylindrical spacecraft spinning about a maximum or minimum axis of
inertia., However, in practice the disturbance characteristics are directly related to the
inertia distribution, so that the error bounds for spacecraft with different inertia dis-
tributions tend to be similar,

4, Periodic mass motions within the spacecraft may result in rate and attitude
errors which are several times greater than those predicted for worst-case step prod-
ucts of inertia. For equal disturbance characteristics, the largest errors resulted from
circumferential mass motion in the direction of spin. Somewhat smaller errors were
produced by radial mass oscillations in an offset spin plane and by vertical mass oscilla-
tions parallel to the spin axis. Motions of the crew such as trampoline exercise, ladder
climbing, or periodic translations along the spacecraft floor should be carefully examined
to determine their impact on the spacecraft motion.
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5. The spacecraft errors indicated instability trends when the spin axis became
an intermediate axis of inertia during a mass motion and when the periodic motions took
place with the precession frequency. Mass motions falling in these two categories
should be avoided.

6. An investigation of possible control techniques revealed that pure rate control
and rate plus rate integral control would provide adequate damping of the spacecraft
errors induced by internal disturbances. Initial attitude errors and attitude errors
induced by external disturbances cannot be eliminated by these control techniques and
require rate plus attitude control.

7. Single-axis control was found to be acceptable for all control techniques and
allows major reductions in the control gains and control system weight for near-
cylindrical configurations spinning about a maximum axis of inertia.

8. Optimization of the spin-up and extension technique for cable- or strut-
connected spacecraft modules can lead to appreciable fuel savings for the extension and
retraction process. Comparison of continuous-thrust, constant-rate, and constant-
momentum extensions for an example spacecraft indicated that 22 1bm or 5 percent of
the ideal spin-up and despin fuel could be saved by use of a continuous-thrust extension
technique.

Langley Research Center,
National Aeronautics and Space Administration,
Langley Station, Hampton, Va,, January 17, 1967,
125-19-01-20-23.
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APPENDIX A
DEVELOPMENT OF THE LINEARIZED EQUATIONS OF MOTION

The rotating spacecraft is considered to be the system of particles shown in fig-
ure 1. A set of X,Y,Z axes fixed to the spacecraft is used to describe the rotational
motion of the spacecraft with respect to a set of Xy,Yy,72; axes which translate without
rotation in inertial space and which remain parallel to a set of Xy, Yp,Zp axes fixed
in inertial space. The general moment equation (ref. 6) about the origin of the X,Y,Z

coordinate system is then
17 dat\ 1

It is assumed that the system mass does not change during the time periods of interest
so that

M =Z Ty X m]R] (A2)

The absolute vector acceleration ﬁj is given by

Rj=Ro+r]-+Q><rj+2Q><rj+Q><(Q><rj) (A3)

and substitution of equation (A3) into equation (A2) yields

M=Zr]-ijRO+Zrijj(Qxrj)+zrijj(Qer>+er><mj!:Q><( er)jl
_,_ZrJXm](QXr) Z ]Xm]rJ (A4)

2

or

M=msrsXRO+Z rijj(Qer)+Z rijj(Qer>+Z rijj<§><rj)

+Z§Xl:?j><mj(§x?j>:l ZQXm(r Xr) zr ><mr (A5)

The acceleration of the origin RO is found from the general force equation
(ref. 6)
i'@’:ms[flo+'i~s+S'Zx?s+2§x§’s+§x(§x?s):lj (A6)
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and the first term of equation (A5) may now be written as

erSXRO=rS><§-rSXmS<Q><rs)- rSXmS(QXrS)—rSXmS[QX(QXrSEI

Pg % ms(a X rs) - Tg X ms(sz X i-’s) - g X ﬁs(ﬁ X i-s)

- Q% I:rSXmS(QX rsj] - QXmS(rSXi's)- rg X mgrg

The equation of motion becomes

(A7)

M=F xP+ [ §~’j><mj(§x}’j>-?s><ms(§xi~’s)]
+[>:ijmj(5><?j)'?sxms(a><?sﬂ [Zr xm(ﬂxi'j)
-FSXmS(ﬁx?S)J+§><[Zi~'j><mj(§xi-’j)-i-’SXms(ﬁsz):I
+ ﬁx[: ijinTj"mstXiTs]'*'lejxmj?j‘rsxmsrs] (A8)

where the vector from the center of mass to the origin is

Z mg T (49)

To reduce equation (A8) to a more useful form, the particle system is represented

as a large mass associated with the spacecraft and fixed with respect to the X,Y,Z axes

and n smaller masses which move relative to the X,Y,Z axes. The rigid-body
angular momentum vectors of the spacecraft, the n moving masses, and the spacecraft

mass center are designated ﬁo, ﬁn, and ﬁs, respectively. The rigid-body angular
momentum of the system H referred to the system center of mass is then

H=Hg + Hy - Hg (A10)
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where

-

M=I‘SXP+

218

with

In component form, the equations of motion are as follows:
My =ygP, - zSPy + I 0y ~ Inyy - Ixp Qg + IxSx - Ixyly - Ixp Sz

- Qz(IYQY - Iyz8g - IYXQX) + QY(IZQZ = Toxfi - IZYQY)

-~ - E
+ {Z m]'(xji'j - yjkj) - n“S(xss’s - ysks> Sy
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n n
+ {0 X Zm~ -er-erSXrS + Z ijjj—rSXmsr
=1

(A11)

(A12)

(A13)

(A14)
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My = 2gPy - XgPy + IyQy - LypQyp - Ly + Iy 00 - Typ 0y - Tyx

- Qx(IzQz - Ipx Sy - Izyﬂy) + Qz(Ixﬂx - Ixy Sy - Ixz92> ‘

—~

J

=]

my(v3) - xj73)

i
[y

-
mj(v; - 249)

L

mg (Ysks - xsi’s)
i

mg (Ys.zs - Zsi’s)

S

Mg = XgPy - ysPx + L0y - LyQy - Ly Oy + 1,0, - 1,50, - 1y0y

+

fea.

les?

| Cond o
1
=

-

=

mj (239 - vi23)

0

;
mj (i3] - vi¥)

SWE

(A15)
Q%
Qy
(A16)
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where

and
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1
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mN
‘4
l\—’JI

,

8

—l
mj(yi¥; + 2472j) - ms(Vsys + Zsts)

.
](X]kJ + Z]'Z]) - Mg (Xsks + ZS )

mj(x{kj +7173) - mg(xsks + Ysy)

il

m (x]-'Zj + Zji]> ms(xszS + ZgXg

=

j(Xij + ijj) - ms Xg¥s + YeXs

i
(i1 + 2i93) - ms(Veks + Zsyﬂ

(A1T)

(A18)
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The coordinates of the jth moving mass are Xj,¥§,2j, and the coordinates of the mass cen-
ter are

nooo)
_ i
XS = Z m_s'x]
=1
n me:
Vs = Z m Vi) (A19)
=1
n .
zg= Y =Lz
5 mg )
j=1 J

For the special case when only one mass m with coordinates x,y,z is moving
with respect to the spacecraft, the equations of motion yield

Mx = %ln;(ypz - ZPy) + Ixflx - Ixyfzy - IXZQZ + ixszx - ixyﬂy - ingz
- Q, <IyQy - IyzQy - IYXQX) + Qy<IZQZ - L9y - Izy&'2y>
+ Q[ - vy + (k2 - 2Ry, + G - )] (A20)
} QX(IZQZ - L&y - Izyszy> +Qy (IXQX - Ly®y - Ixzszz)

+Q [(ysc - X)) + G2 - 2§)Qy + (2% - xzﬂ (a21)
and

MZ = -I'In:_S<XPy - YPX) + IZS:Z'Z - IZXS.ZX ~ Izyfzy + izQz - izxfbx - izys)y

B} gy(lxszx - Iy Ry - IXZQZ)+ Qx(IyQy - IyzQy - Iyxszx)

+Q |:(z5{ - X2) + (2 - y2)Qp + (v - y"il (A22)

127



APPENDIX A

with
~
Ix=Lo+ Q(yz + z2>
Iy = IyO + Q(x2 + zz)
Iz =10 + Q(x2 + yz)
(A23)
Ixz = Qxz)
Iyz = Qlyz)
Ty = QG) )
and
i = 2005 + 22)
x = 2Q(§ + 22)
iy = 2Q(xx + zz)
Iy = 2Q(xk + y§)
. . ; (A24)
Ixy = Q(xz + zX)
Iyz = QUE + 2§)
Ixy = Q¥ + y&))
where @Q is given by
Q-2s ™) (A25)

nmg

The spacecraft equations of motion (A14) to (A16) can be solved for the body rates
%, Sy, and 7. The motion of the rotating spacecraft is then defined in terms of the
modified Euler angles 3, 6, and ¢. These angles, as shown in figure 2, relate the
moving body axes X,Y,Z to the intermediate reference axes X1,Y1,Z1. From figure 2,
the time derivatives of the Euler angles are

@= Qx + Qy tan § sin ¢ + Qz tan 6 cos ¢
é:Qy cos ¢ - Qy sin ¢ (A26)

z}x:ﬂzcoscpsec 0+stincpsec¢9

The Euler angles found from equations (A26) and the body rates found from equa-
tions (Al4) to (A16) completely define the rotational motion of the spinning spacecraft.
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For a large number of practical applications, motions involving small oscillations
of the spacecraft spin axis from an equilibrium reference position are of primary interest.
If it is assumed that the spacecraft spins about its Z-axis, that the Z-axis is initially an
axis of maximum or minimum inertia, and that the Zj-axis is selected as the inertial
reference, then

sing = tan ¢ = cos o = 1
@ Q=@ @ (A27)
sin g =~tan 6 = 0 cos =1
and
Qg << Qg
(A28)

Qy <<y

for the small oscillation regime. Consistent with these assumptions, the variable inertia
terms can be considered to be sufficiently small in comparison with the spacecraft
moments of inertia so that they may be neglected when multiplied by the oscillatory body
rates or any angular accelerations.

The reduction of the nonlinear governing equations to linear approximations can
best be accomplished by first converting equations (A14) to (A16) to nondimensional form.
As was done in reference 4, a nondimensional time 7, an inertia term €pg’ and a non-
dimensional mass pj may be introduced by

T= ontw

€pq = Lo (A29)

where p and q range over X, y, and z. The remaining nondimensional terms are

then
N

= €
Q.2 P 1,090

Q
“P = %20

L o=_Mp p. = ﬁ\’_l_
P 1,09,02 P 9502 z0™s
I,0 zou 20 Qz0“120

Mg L _ o.Ms
Vi=Yi\T < Wi = 2\, o J

(A30)
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and the nondimensional equations of motion become

Ly = VgPy = WgPy + €xWx = ExyWy = €xzWy ~ ExWy = ExyWy = €xzWy

=1
~n -

+ Z p,j (VJW] - W]V]> - (VSWXIS - WS%}S> (A31)
=1 _

Ly = WgPx = Ugly + Eyly = EyzWy = EyxWy + EyWy = EypWy - EyxWwy

- wx(ezwz - EZX(UX - Ezywy) + wz(Ewa - nywy - Exzwz)

n
+ Z Hj (V]W] - WJV]> - (VSV'VS - WS‘.’S> Wy,

[ n
+ Z U-j (W]u] - u]\ﬁ]> - (WSﬁS - us\'ils> (A32)
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‘and

Lz =ugPy - VgPx + €303z = €zxy - EzyWy + EzWy - EzxWx - EzyWy

- wy(exwx - exyWy - eXZwZ) ¥ wx(eywy - Eyz®y - eyxwx)

- |

n

+ E 1 (Wjﬁj - ujv'vj) - (Wsl'ls - I:ISV'VS) wxg
=1 '

n
+ Z I~Lj (WJ{TJ - V3V.Vj) - (WS{TS - Vs"i’s), “’y

#| ), ma(eify - viy)| - (o - valls)) (439

where

. n
€x =€xo + z [J'j (ij + sz> - <vsz +Wg

I > _ | (A34)

131




APPENDIX A

In accordance with the small oscillation assumptions, take wy, 6¢, ®p, 92, 902,

n n n n
Lp, Pps and the variable inertia terms Z u]-ujz, Z ujvjz, Z ujwjz, Z AT
j=1 j=1 i=1 j=1
n n
Z H595W5s Z H3V5W5s and their derivatives to be of order A. Here A is restricted

j=1 =1
to be sufficiently small so that terms of higher order than A may be neglected in the

governing equations.

Thus, it follows that

Ly = yvsPz - WgPy, + Ex¥x ',ewwy,'@+ ExWx, 'ényﬁZ/' Exz¥z

ol  oid o ofs8 oad of o[l ofd]

- Wy [EWy = Eyr,Wo = EyxeW + Wy [EpW, = €EpyWyx = Egyl
z €yy, Y22, yx@x), + @y (€207 ZXTX zy®y)

ola] o[a] olaZ] ola] ola3] o[ad]

/,Ll (UjVj - lelj) - (U.SVS - vsus) wy

4
[ AN

J

ofa]

M (ujwj - wjﬁj> - (usv'vs - Wsﬁs) wg

<+
LT

N o J
o[a]
n
+ Z Ty (V]W] - wji"]) - (vs\'izs - ws'w'ls> (A35)
j=1 L
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T &yt EyxPx m EyWy) - Eyas - Epxex

\I:y/ = WsPx - “spz,"'\eXfiyJ
o[a) olaz] ofa] ola?] ofaf] ofa2 o[4] olaZ

ola] ofad o[ad] ola] o[aZ] ofa]

. {L}l oy - uj'vj)} - (vaba- } .

o[aZ]

o[a]
(wisy - uging)| - (wsiis - ugivg (A36)

J

4o
—
Ti =
el
S

o[a]
z,~ EzxWx - ézy"’y

\55 UgPy - VgPy + ezwz €oxPx - EzyWy + E,w
o[4] o[aZ] o[A] o[aZ ola?] o[& o[a? o[aY

and

- Wy (Ex0y ‘&yﬁb' Exz¥Wz) * Wx (eyWy - Eyp@g - €yz@x)
o[aZ] ofa3] o[aZ] o(a?] of[a? o[a3]

{Li Nech VJWJ} - (ws¥s - vs»'v% vy

~— o ——
ola?

) {El (s - ujwjﬂ - (wsbs - “s‘bs% o

J/

ola?]

+ {Li uj(ujvj - vjaj)] - (us'\"s - vsia% (A37)

L ——— R
o[a]
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or, if terms of higher order are neglected, that

and

134

Lx = ex@x + (€7 - €y)wywz - Wg (Exz - €yzwz)

_ -
+ z uj(uj\izj -W]‘{lj) - usws wsu}
j=1 i

n ]
+ z uj(vj\%'lj -wji'fj) - VsWs wsv

Ly = eyby - (ez - €x)WxWy - yz * exzwz)

J
n
Ly = €,w, + E,0, + Z 1y (uj'x'rj, - vjﬁ]-> - (us'\'rs - vsiis>
=

For the same range of disturbances, the Euler angles are given by

~
do _ + ] w, 0
Wy wy 69 + z

dTA o4 o[aZ ola¥/?

N A
o[i] ola%?] )

(A38)

(A39)

(A40)

(A41)
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and terms of order higher than A can be neglected, so that

g-? = wy + W, 0

2o g - wy0 (A42)
dy _

ar ~ ¥z y

If the spacecraft dynamics are well conditioned, equations (A38) to (A40) and (A42)
should give reasonable results in the small angle and rate regime, for which

-159 = ¢ = 15°
-15° = 9 = 15°
or
-0.0685 = A = 0.0685
Solutions for higher values of A lead to correspondingly less accurate solutions.

Since the form of the physical and nondimensional differential equations is identical,
only the more convenient physical equations of motion are used. These equations can
then be written as

I -1
. y 1 .
0 + <ZIX )‘QZ Q’Y=E MX"'Qz(Ixz'IyzQz>
[ n

+ Z m; (zj)'cj - xj'zj> - ms<zs}°<s - XgZ > Q,

1

-

n
+ z m; (z]-'jrj - yj'éj) - ms(zs'ys - ys'z's> (A43)
i1
. I, -1 1 .
&y - (zly X>QZ Qy = j My + Qz(Iyz + Iszz>

+
g

my (Zji"]' - Yl'éi) - ms(zsi’s - Ys.zs) $2z

l'—l-
1l
[

+
N

mj (x{#; - 25%;)| - ms(xs¥s - Zaks) (a29)

Tt
1l
[
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and

O

. 'z _ 1 . .
Q7 + E Qg = I_z- Mgz + my (ijJ - nyJ) - ms(ysxs - sts) (A45)

1

j

where the moments of inertia Ix and Iy, in general, may be approximated by their
initial values in equations (A43) and (A44), so that

n N
2
Lk~Lot Z m; <yjo + Zj02> - ms<y502 + z502>
=1
n
2 2
Iy = IyO + Z m; (xjoz + Zjg > - ms<xso + zsoz> (A46)
j=1

I, =Lo+ my (sz + yj2> - ms<xs2 + ysz)

gl

J

since the retention of variable inertia coefficients does not appear to add appreciably to
the accuracy of the solutions. The other pertinent inertia terms are

'n 7] B
Ixz = my (X‘]Zj> - mg (sts)
3=1 J
(A47)
- n 1
lyz = z m]'(yjzj> - ms(yszs>
=1 i
/
and the required time derivatives of the inertia terms become
[ n ] ~
Ixz = Z m;y (X]Z] + Z]x]> - ms<xs'zs + ZS*S)
=1 i
-1 _
Iyz = Z m; (yj'zj + Zjirj> - ms(ys'zS + zsjrs> (A48)
j=1 |

m-

[l
N
H
N
N

J(st‘j *+ in’i) - mS(Xs5<s + Ysifs)

J

|:"|.
=
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The Euler angle relations are given by

P - Qy0 =
6+ Q0 =9y (A49)
¥ =Q

If results should be required in nondimensional form, the transformations (A29) and
(A30) can be applied to the solutions.
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APPENDIX B

The forcing function for the differential equation with the constant moments of
inertia approximation can be expressed by

f
F = Z Aij(t)
=1

and thus the particular solutions are

-
=

Fj(s) A

sz+k2

Fy(t) = £

Fi(t) =

< 1 >g’1 Fi(s)  Fyls)
02-7x2 52+A2 s2+o2

-1 st(s) sF]-(s)

et

Fi(0) = (= >i

0.2_)\2 s2+7\2 82+02J

PARTICULAR SOLUTION FUNCTIONS FOR THE UNCONTROLLED SPACECRAFT

(B1)

(B2)

— &
where the functions Fj(t), F] (t), and Fj(t) are given by the inverse Laplace transforms

(B3)

Several particular solution functions have been evaluated and are presented in tables I

to II. Other functions may be determined from equations (B3) if needed.

The unit step function and the unit impulse function, which occur in these tables,

are defined as

Ofor t<0O
U(t) =
1for t>0

(B4)



APPENDIX B

and

Ofor t#0

with

5(t) = (B5)

o0

5(t) dt = 1

e OO

where t =0 is the initial time of application of the step or impulse disturbance.
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TABLE I.- SOLUTION TERMS FOR UNIT STEP AND UNIT IMPULSE FUNCTIONS

Fj(t) F(t) F; () f"j(t)
[0 1;;5)[1 - cos ] o_zq.%[;"z“ - cos At) - é(l - cos otﬂ | ?q:(%[% sin At - (—lysin UEI
0 = 5() 9)59 sin At ;21_(%5& sin At - 2 sin ot] gzﬂ_%[cos At - cos of]
TW=60)| Ulecos rt ;zﬂ_(%[cos At - cos of] %’%Ef sin ot - A sin Af
Th) = 5(t) | 8(t) - \U®)sin At o_;l-ﬁxLZ@ sin ot - A sin Af] OZ—U%I}%os ot - 22cos x£|
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TABLE II.- SOLUTION FUNCTIONS FOR POWERS OF t

F; ® i"j ®

iy

i (®

=

O

1 1 .
t A—Z'E-Xsmht}

;L(t_
02 - 2232

1. 1 1 .
Y sin At) ;(t - 5 sin otﬂ

ﬁ{éﬁ - €OoSs ME' - -:—ZE. - CoS crt]}

12 2
t2 t2 - 21 cos at)
?Ii 22 ]

1
oz_xz

1.2
- =t
]

é%[:tz - 5—2(1 - cos ,\til
- f—z-(l - cos ctﬂ}

- = gin )Lt
AZ )\2[

-;[t--smva}

i nﬁz iN+1‘: tn-2N
L ()\2) (n - 2N)!

2 | N
g e
+ %(;_;)Nmmﬁl{[(_l)n . qcos At 4 [-1)’; - 1:|S,m
- %(%)Nmax+1{[}-l)n + l]cos ot + I:g—l!’; - l]sin UEH |

At

N

- nﬁZ ( -_J._)N'*l ) ( i)N+1 {1-2N-1
Y & o2 22 (n- 2N - 1)!

N +1 .
(;%) e {l}-l)n - l}cos At - )x[(-l)n + l]sin 7\% I

NIH

1
—(02> et { 1)n - %]cos ot - oE-l)n + l]sin o%}

The constant N, denotes the largest value of N within the summation limits.




TABLE III.- SOLUTION TERMS FOR THE TRIGONOMETRIC FUNCTIONS U(t)sin pt AND U(t)cos pt

X0 X0 Fi0 F()
sin pt p| sin ot + cos pt ] cos ot ]
U(t)sin pt - o U(t){ 2)(o2 - p2 ‘l:(az 2)(o2 - xz)J il ){[(ﬂ - p2)(o? - pZ)J * {EoZ - p3)(e? - A2)_,
_uw sin pt - = sin At
(X[ #|p|# |0} 7‘2'92[ A ] sin At . cos At
7\ Az )(AE _ ozl [()\2 _ pz)(,tz _ 02)]

u(t) ﬁ\rsm ot I:r -3A2-]r51n M:i|

U(t)sin pt o2 - Az\O[gz 7\2 L o2 _”_or

%()%l%sin At - t cos At]

AU(L) [I;os ot - cos )\t-|+|itsin )\t_]
lpl=1] [t“]} 22 2oaf
2)

2)\_'

U(t) [rsm XA [ - 302|[ sin ot}

. A2 o2 2_ o2

U(t)sin pt u(t) [sin ot - 9sin At] -2 k2o 207 -lb ° au(t) [cos At - cos ot—l t sin ot

lpl=lo] [2- o2 X [tcosat]\ oo\ a2z N[ |
) TJ

Ut r cos pt . cos ot -um)p sm pt ] . o sin ot ]
U(t)cos pt Ut [co o M] {L(XZ _ pz)(oz _ pz) (02 _ pz)(02 - ﬁj - p2> - xZ 02 -p )J
. J—Lz ~—|cos pt - cos
|>\|¢lp|#| I 4’ P + cos At Y sin At
ey R

U(t)cos pt U®F g U(t) [l:cos ot - cos ht] [t sin 7\—‘ __u@® sm Ot_l _H—Sm M"
|| =] 2A[t51n7\€| qz-xf\ a2 - 22 J l_ 22 02_)\2 AZJ 2)\ _ng J t cos At
vlieos pt J-)— Ut At - t| , |tsin ot u(t) At ] i J
o] =|o| 2. E‘osot—cosxﬂ Kl {cos)\z_?zs o—‘|+|:s;r:70] _)\2_02)‘ sin sz“i(;zj -t cos ot
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TABLE IV.- FORCING FUNCTION COEFFICIENTS FOR CHARACTERISTIC PERIODIC MOTIONS

XZ-plane

z = zq sin pt

; Forcing function coefficients
Type of motion cogllr(zltilr?;tes
Eg Eg Ey E3 Ey
. R R X =r, cos pt
)
; Circumferential motion (p + Ky) (©+ p)zlrz {p + Ax)(c + p)zlrz ' (0 + p)zlrz‘l (p + )‘y)Irz.I o
in plane perpendicular|y = ro sinpt ' - : -1 - i : - : J i -
-axi | X y y 1 X AN/
to Z-axis |z = ZOU(t) . \l
' | | 1
| |
1 X =r, sin pt i . (
. =T, |
Osc111at101.1 ?arallel | [(02 + pz)p + (2°P)x:;llrz [(02 + p2>>\y +(2°P)P]Irz i (Zop)lrz | o1, ! !
to X-axis in y=0 ‘ S 0
XZ-pl Iy Ix | Ix |
-plane 7 = ZOU(t) ;
,Oscillation parallel X=To 02 - o2 9 9 .
- p4)pl 02 - pé)a I ! i
to Z-axis in y=0 i ( Jelxz _( >)‘Y rz 0 0 L0

. . x=0 X
Oscillation parallel [:(02 + pZ)p + (20p)>\ﬂ | . [(02 + pz);\x + (2013)!2] L\ (20P)Irz—‘ pIrz—]
to Y-axis in y=rysinpt - i I i : J -7 J 0
- X y Y X
YZ-plane 7= on(t)
N =0 ' a
Oscillation parallel X o2 2) 9 9
- p4/pl 0% -p I !
to Z-axis in v =1 _ (___2 _i( ))‘x 1z 0 0 0

YZ-plane

[z=zo sin pt
|

Ix

The term I,

denotes the constant inertia product Qrgz,.
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TABLE V.- SOLUTION FUNCTION COEFFICIENTS FOR CHARACTERISTIC PERIODIC MOTIONS

Solution function coefficients

Type of motion
By

Bg

Bg

By

Circumferential | Irz ]{Eo w0 - (32 pz](p Py + 20 [ Iy 'I{[(C' +0)2 - (32 - p(p + 2g)(Mly - axd)

motion in plane |2Mxly] A2 - p2

Pty A2 - p2

Irg(0+p)2 L (0+p)?
_[z(:;_mﬂ[(p + Ax)lx + (p + xy)1,2| l:z (:2‘ - gz)lxly [(p +aglx - (B + Xy)I%

perpendicular
to Z-axis + p)«xlx} -Plxlx}

Oscillati -1{02+p2)p+(20p)x My + Ayl _‘{ 2 4 p2p + (20p)rg| (A - i Irz 2 + p2)(pL 1 o trz | 02 4 p2 - vk
s:ar:u;nto [( ;;‘( x*’_yy) i [(0 +p)p+ apA,J( X Ayly) 1m[(u +p)(px+xyy) 12(7t2-pz)lxly [( +p)(plx xyy)
X-axis in I 1
- o R e I L - ool - ]

Oscillation PR A
parallel to 4 Irzp(o? - p2)(hdx + M1y |
Z-axis in 232 - pd)iy1y

_{I’zp(oz e

i[lrz (“2 - Pz)(PIx + Ryly)

{Irz(o2 - 9oy - xyryJ

(A2 - p)igly 222 - pily 222 - ALy
XZ-plane
ogcmal?oln {[(02 +p2p + (zop)x,:_l (My + 2k {[(02 +9p+ (2ap)>\ﬂ (My - Axlx) [2 © _1rpz2 les] Eaz . pz)(ply +2gky) _[2 = -Ir:Z)Iny [(vz + 02l - Axky)
parallel to
Y-axis in I I ‘
YZ-plane -(x2- pz)ml;} [m -(x2- pz)ml,} [zx " _':2 = -+ (Gop)(ely + lylyﬂ - (2op)(plx - Ay‘v)]
Oscillati q - - _ -
S:amu:lnm Irzp(v2 L) ALy + Mxly) 1,,0(02 - AZ)(AIY - xl) Iy (02 - pz)(ply + Aely) Trg(0? - pz)(ply - Aly)
Z-axis In 202 - pdgly (2 - p)igly 202 - pIxly 2(:2 - pixly
YZ-plane L

The term Irp; denotes the constant inertia product Qryz,.




TABLE VI.- ASSUMED CHARACTERISTICS FOR MANNED

ORBITAL RESEARCH LABORATORY

[Conversion factors for SI Units are given on page 10:]

Parameter

Loy slug-ft2
Lo slug—ft2
mg, slugs

Q, slugs

o, rad/sec

148

Lo slug-ft2

Manned
103000 |
90 500
173 000
1220

36

Module values

30 000
73 000
73 000

557

Counterweight

Total
values

133 000

7 393 412
7475912
1777

36

4




TABLE VIIL.- DISTURBANCE EFFECTS ON MANNED
ORBITAL RESEARCH LABORATORY

[Conversion factors for SI Units are given on page 10]

r [ Error limits
; Disturbanc B ' .
Disturbance chai‘acter?sti%s | Rate, rad/sec | Attitude, rad
Exact |Approximate ExacﬂApproximate
Residual errors |¢@g = 6 = 0.01 rad 0.0161 0.0161 0.181 0.182
Q%0 = Qyo = 0.01 rad/sec
Step torques | Ty = 384 ft-1bf 0.0234 | 0.0234 |0.0608] 0.0609
Ty = 3300 ft-1bf L
Step inertia Xo = 90 ft 0.00387| 0.00485 |0.0963 0.0121
products Vo =4 1t
Zg =4 ft
L i _ . I 40 |
X-axis radial x =45 + 5 sin 27 gt 0.00591| 0.00686 (0.0102( 0.0107
mass oscillation Yo =0
zo =4 ft
Y-axis transverse|Xg = 50 ft 0.0196 0.0224 0.0720| 0.0857
mass oscillation v = 4 sin % ft
Zg = 4 ft
Vertical mass Xo = 50 ft 0.0134 0.0154 0.0291 0.0329
oscillation Vo =41t
z =4 sin Tt
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TABLE VIII.- ASSUMED CHARACTERISTICS FOR 150-FOOT SPACE STATION

[Conversion factors for SI Units are given on page l(ﬂ

Parameter . Total value
Lo, slug-ft? 10 500 000
Iy0, stug-ft2 10 500 000
1,0 Slug-ft? 15 000 000
mg, slugs 2 270
Q, slugs 36
o, rad/sec 314

150
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TABLE IX.- DISTURBANCE EFFECTS ON 150-FOOT SPACE STATION

[Conversion factors for SI Units are given on page 10]

3 Brror limits
. Disturbance o I
Disturbance characteristics B Raf:e, rad/sec At,tliuii?’ rad
Exact [Approximate|Exact |Approximate
Residual errors|¢g, = 6p = 0.1 rad 0.0141 0.0141 0.176 0.176
19x0 = Qyo = 0.01 rad/sec
Step torques  |Tx = Ty = 7500 ft-Iof  |0.0150 | 0.0150  [0.0477| 0.0478
Step inertia Xg = 49.5 ft 0.00616( 0.00628 |0.0169 0.0173
products Yo = 49.5 ft
Zo = -20 ft
— R
Circumferential|x = 70 cos % ft 0.0153 0.0162 0.0380 0.0518
mass motion 4t
=170 sin =—f
y sin 70 t
Zo = -20 ft
Radial mass x =46 + 3.5 sin Zl-%t ft 0.00650( 0.00734 |0.0196 0.0222
oscillation Tt
y =46 + 3.5 s1nTé-ft
Zo = =20 ft
Vertical mass |x,=49.5ft  |0.00590| 0.00724 [0.0175| 0.0199
oscillation Vo =49.5 1t
= -15 -5 sin %ft
. A IR N RN B
NASA-Langley, 1967 —— 31 [,-4338 151
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